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Preface

The subject area of mathematical statistics is so vast that in undergraduate
courses there is only time enough to present an overview of the material.
In particular, proofs of theorems are often omitted, occasionally with a
reference to specialized material, with the understanding that proofs will
be given in later, presumably graduate, courses. Some undergraduate texts
contain an outline of the proof of the central limit theorem, but other
theorems useful in the large sample analysis of statistical problems are
usually stated and used without proof Typical examples concern topics
such as the asymptotic normality of the maximum likelihood estimate, the
asymptotic distribution of Pearson’ chi-square statistic, the asymptotic
distribution of the likelihood ratio test, and the asymptotic normality of
the rank-sum test statistic.

But then in graduate courses, it often happens that proofs of theorems are
assumed to be given in earlier, possibly undergraduate, courses, or proofs are
given as they arise in specialized settings. Thus the student never learns in a
general methodical way one of the most useful areas for research in statistics
- large sample theory, or as it is also called, asymptotic theory. There is a
need for a separate course in large sample theory at the beginning graduate
level. It is hoped that this book will help in filling this need.

A course in large sample theory has been given at UCLA as the second
quarter of our basic graduate course in theoretical statistics for about twenty
years. The students who have learned large sample theory by the route given
in this text can be said to form a large sample. Although this course is given
in the Mathematics Department, the clients have been a mix of graduate
students from various disciplines. Roughly 40% of the students have been
from Mathematics, possibly 30% from Biostatistics, and the rest from
Biomathematics, Engineering, Economics, Business, and other fields. The
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students generally find the course challenging and interesting, and have often
contributed to the improvement of the course through questions, suggestions
and, of course, complaints.

Because of the mix of students, the mathematical background required
for the course has necessarily been restricted. In particular, it could not be
assumed that the students have a background in measure-theoretic analysis
or probability. However, for an understanding of this book, an under-
graduate course in analysis is needed as well as a good undergraduate course
in mathematical statistics.

Statistics is a multivariate discipline. Nearly, every useful univariate prob-
lem has important multivariate extensions and applications. For this reason,
nearly all theorems are stated in a multivariate setting. Often the statement
of a multivariate theorem is identical to the univariate version, but when it is
not, the reader may find it useful to consider the theorem carefully in one
dimension first, and then look at the examples and exercises that treat prob-
lems in higher dimensions.

The material is constructed in consideration of the student who wants to
learn techniques of large sample theory on his/her own without the benefit
of a classroom environment. There are many exercises, and solutions to all
exercises may be found in the appendix. For use by instructors, other exer-
cises, without solutions, can be found on the web page for the course, at
http://www stat.ucla.edu/courses/graduate/M276B/.

Each section treats a specific topic and the basic idea or central result of
the section is stated as a theorem. There are 24 sections and so there are 24
theorems. The sections are grouped into four parts. In the first part, basic
notions of limits in probability theory are treated, including laws of large
numbers and the central limit theorem. In the second part, certain basic tools
in statistical asymptotic theory, such as Slutsky’s Theorem and Cramer’s
Theorem, are discussed and illustrated, and finally used to derive the asymp-
totic distribution and power of Pearson’s chi-square. In the third part,
certain special topics are treated by the methods of the first two parts, such
as some time series statistics, some rank statistics, and distributions of
quantiles and extreme order statistics. The last part contains a treatment of
standard statistical techniques including maximum likelihood estimation,
the likelihood ratio test, asymptotic normality of Bayes estimates, and
minimum chi-square estimation. Parts 3 and 4 may be read independently.
There is easily enough material in the book for a semester course. In a quarter
course, some material in parts 3 and 4 will have to be omitted or skimmed.

I would like to acknowledge a great debt this book owes to Lucien Le
Cam not only for specific details as one may note in references to him in
the text here and there, but also for a general philosophic outlook on the
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subject. Since the time I learned the subject from him many years ago, he
has developed a much more general and mathematical approach to the
subject that may be found in his book, Le Cam (1986) mentioned in the ref-
erences.

Rudimentary versions of this book in the form of notes have been in
existence for some 20 years, and have undergone several changes in computer
systems and word processors. I am indebted to my wife, Beatriz, for cheer-
fully typing some of these conversions. Finally, I am indebted to my students,
too numerous to mention individually. Each class was distinctive and each
class taught me something new so that the next year’s class was taught
somewhat differently than the last. If future students find this book helpful,
they also can thank these students for their contribution to making it under-
standable.

Thomas S. Ferguson, April 1996
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Modes of Convergence

We begin by studying the relationships among four distinct modes of
convergence of a sequence of random vectors to a limit. All convergences
are defined for d-dimensional random vectors. For a random vector
X=(X4{..., Xd e Rd the distribution function of X, defined for x =
(x19..., xd) e Ud is denoted by Fx(x) =PX <x)=P(X{

< jed). The Euclidean norm of x = (x§{..., xd) ¢ is denoted
[x| = (xf 4 e +xd)1/2. Let X,X,,X2,... be random vectors with values
in Md

Definition 1. Xn converges in law to X, Xn—» X, if Fx (x) —Fx(x) as
n  aq for all points x at which Fx(x) is continuous.

Convergence in law is the mode of convergence most used in the
following chapters. It is the mode found in the Central Limit Theorem and
is sometimes called convergence in distribution, or weak convergence.

Example 1. We say that a random vector X e Ud is degenerate at a point
ce [R¥if P(X =c)= 1. Let Xne [Rlbe degenerate at the point 1/n, for
n=1,2,... and let X e IRl be degenerate at 0. Since |/n converges to
zero as n tends to infinity, it may be expected that Xn —X. This may be
seen by checking Definition 1. The distribution function of Xn is Fx (jc) =
h/n, "(x), and that of X is Fx(x) = [[@Q(x\ where [A(x) denotes the
indicator function of the set A4 (i.e., I4(x) denotes I if x e A4, and 0
otherwise). Then Fx (jc) — Fx (x) for all x except x = 0, and for x = O we
have Fx (0) =0  Fx(0) = 1. But because Fx(x) is not continuous at
x = 0, we nevertheless have Xn X from Definition 1. This shows the

by
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need, in the definition of convergence in law, to exclude points x at which
Fx (x) is not continuous.

. . p
Definition 2. X,, converges in probability to X, X,, —» X, if for every
e>0,/X|X,, - X| >e}-P>0asn->«

Definition 3. For a real number 7 > 0, Xn converges in the rth mean to X,
X,, X, if E|X,, - X|r-» 0as n -» ».

Definition 4. X,, converges almost surely to X, X,, >X, if

P{limn H@Xn= X} = 1.

Almost sure convergence is sometimes called convergence with probabil-
ity 1 (w.p. 1) or strong convergence. In statistics, convergence in the rth
mean is most useful for » = 2, when it is called convergence in quadratic
mean, and is written Xn —>X. The basic relationships are as follows.

Theorem /.

a) X, -ii X=X, X.
b) X,, X forsomer > 0= X, 6" X

)X ,1X=»X, " "X.

Theorem 1 states the only universally valid implications between the
various modes of convergence, as the following examples show.

Example 2. To check convergence in law, nothing needs to be known
about the joint distribution of X» and X, whereas this distribution must be
defined to check convergence in probability. For example, if X1,X2,...
are independent and identically distributed g;i.d.) normal random vari-

p
ables, with mean 0 and variance 1, then Xn —Xu yet Xn

Example 3. Let Z be a random variable with a uniform distribution on
the interval (0,1), Z e ~(0,1), and let X/ =1, X2=/[012)(Z), X3 =
*N1/ 2, rng =Nai/g))MX r5 = Ni/g i mwum J® general, if n —
2k +m, where 0 <m <2k and k >0, then Xn=

Then Xn does not converge for any Z e [0,1), so Xn 0. Yet Xn—>0
forall » > 0 and X, 0.
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Example 4. Let Z be ~(0, 1) and let X,, = 2"/[0xn)(Z). Then E\Xnlr=

2m/n —»oq so Xn w*0 for any » > 0. Yet Xn 0 ({limw*Xn= 0} =
{Z> 0}, and P{Z> 0 = 1), and Xn 0 (if0<e <1, P\Xn\>e)=
PX, =2")y= 1/» -» 0).

In this example, we have 0 " X, X and lim,,.*, EXn > EX. That
we cannot have 0 < Xn X and lim,,” EXn < EX follows from the
Fatou-Lebesgue Lemma. This states: If Xn X and if for all n Xn>Y
for some random variable Y with E\Yl < °° then liminf"" EXn > EX.
In particular, this implies the Monotone Convergence Theorem: If 0 <
Xx<X2< ¢ and Xn X, then EXn—=EX. In these theorems, Jf,

and EX may take the value + oo.

The Fatou-Lebesgue Lemma also implies the basic Lebesgue Dominated
Convergence Theorem: 1If Xn X and if iJfJ <Y for some random
variable Y with E\Y\ < oo, then EXn ->

The following lemma contains an equivalent definition of almost sure
convergence. It clarifies the distinction between convergence in probability
and convergence almost surely. For convergence in probability, one needs
for every e > 0 that the probability that Xn is within e of X tends to one.
For convergence almost surely, one needs for every e > 0 that the proba-
bility that X* stays within e of X for all £ > n tends to one as » tends to
infinity.

Lemma 1. Xn X if'and only iffor every e > 0,

P{Xfc —X]| < e, forallk >n) —1 as n —>oo. (1)

Proof: Let Ane= {|X* - X| <e forall £k >n). Then P{limn_ 0Xn= X)
= P {for every e > 0, there exists an n such that |[X* —X]| < e for all
k >n) = P{f] e>oU,, A#6). Thus, Xn X is equivalent to

H nu U =i (2)

Because the sets UnAne decrease to fle>0 UwAdne as e >0, (2) is
equivalent to F{UnAnJ = 1for all e > 0. Then, because A4 n e increases
to UnAneas n —>oo, this in turn is equivalent to

~*1as n —>oo, forall e > 0, 3)

which is exactly (1). =
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Proofof Theorem I.
(a) X, X=*X, X: Let e > 0. Then
P{X,, - X| <e} >P{X* - X| <e, forall >n)-—»lasn-»°,

from Lemma 1.
b) Xn X=Xn X Welet /(X &A) denote the indicator random
variable that is equal to 1if X e 4 and to 0 otherwise. Note that

£|X” - X|r> E[|X” - X|7{|X” - X‘ > C}] > eT{|X” - X| > e}'

(This is Chebyshev$ Inequality.) The result follows by letting n °,

© X, - AX=X, X:Lete>0and let 1¢ represent the vector
with 1 in every component. If X, < x0, then either X < x0+ el or
X —XJ > e. In other words, {X,, <x0}c {X<x0+ el} U{X —
X,,| > e}. Hence,

0) * "x(*o+ *1) + MIX - XJ > e}.
Similarly,
Fx(X0- el) » FXj(x0) + P{|X - XJ > e}.
Hence, since P{|X - XJ > e} —0as n —» 05
Fx(x0—el) < liminf Fx (x0) < limsup Fx (x0) < Fx(x0+ el).

If Fx(x) is continuous at x0, then the left and right ends of this
inequality both converge to Fx(x0) as e —>0, implying that

Fxn*o) -»"x(x0)asn —»o0. m

EXERCISES

1. Suppose Xn \/n) (beta) and 1671,1/2) (binomial).
Show that Xn  X. What if Xn"&e(a/n, fi/n)?
2. Suppose Xn is uniformly distributed on the set of points
{1//2,2/n,..., 1}. Show that Xn" X, where X is ~(0,1). Does
X X1
3. (a) Show that if 0 < 7' <r and E\X\r < aq then E\X\r <
(b) Show that if 0 < <r and Xn-A X then Xn  X. You may use
Holder's Inequality: For nonnegative random variables X and Y
with finite means, EX»Y'-r <(EX)p(EY)Il-p for 0 <p < 1.
4. Give an example of random variables Xn such that E\X,| ->0 and
E\X,\2 1L
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Let /ibea constant. Show that Xn — >fi if and only if EXn —» /i, and
vaxiXn) —>0.

If the limiting distribution function, Fx, is continuous, then the defini-
tion of convergence in law is simply that Fx (x) —Fx(x) as n —>aq for
all x. However, in this case, it automatically follows that the conver-
gence is uniform in x. Prove this in one dimension: If Fx is continuous
and Xn—>X as n —>oo5then supjF"x) —Fx (x)| —0 as n —>o0.
Using the Fatou-Lebesgue Lemma, (a) prove the Monotone Conver-
gence Theorem, and (b) prove the Lebesgue Dominated Convergence
Theorem.



Partial Converses to Theorem 1

Although complete converses to the statements of Theorem 1 are
invalid, as we have seen, under certain additional conditions some impor-
tant partial converses hold. We use the same symbol ¢ to denote the point
c ¢ 03 as well as the degenerate random vector identically equal to c.

Theorem 2.

(a) // ce Rif then X,, » ¢c=>X, c.

(b) If Xn X and |XI' < Z for somer > 0 and some random variable Z
with EZ < &, then Xn -A X.

(c) [Scheffe (1947)]. If X, X, X,>0, and EXn-* EX < < then
Xt A X, wherer = 1.

(d) Xw—» X if and only if every subsequence nv n2, ... e {1,2,...} has a
sub-sequence mx ra2, ... e {«, n2, ...} such that Xnof* X asj @

Remarks. Part (a), together with part (c) of Theorem 1, implies that
convergence in law and convergence in probability are equivalent if the
limit is a constant random vector. In the following sections we use this
equivalence often without explicit mention.

Part (b) gives a method of deducing convergence in the rth mean from
almost sure convergence. See Exercise 3 for a strengthening of this result,
and Exercise 2 for a simple sufficient condition for almost sure conver-
gence.

Part (c) is sometimes called Scheffe’s Useful Convergence Theorem
because of the title of Scheffe’s 1947 article. It is usually stated in terms of
densities (nonnegative functions that integrate to one) as follows: If fn(x)
and g(x) are densities such that fn(x) —*g(x) for all x, then f\fn(x) -
g(x)| dx — 0. [The hypotheses frx) > 0 and ffn(x) dx —» fg(x) dx are
automatic here. The proof of this is analogous to the proof of (c) given
below. ]
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Pointwise convergence of densities is a type of convergence in distribu-
tion that is much stronger than convergence in law. Convergence in law
only requires that P(Xn e A) converge to P(X e A) for certain sets 4 of
the form {x x < a}. If the densities converge, then P(Xne 4) converges
to P(X e A) for all Borel sets 4, and, moreover, the convergence is
uniform in 4. In other words, suppose that X» and X have densities (with
respect to a measure v) denoted by fmx) and /(x), respectively. Then, if

fn(x) —f(x) for all x, we have
sup |[P(Xne A) - P(Xe A)]|-> 0.
A

The proof is an exercise. We will encounter this type of convergence later
in the Bernstein-von Mises Theorem.

As an illustration of the difference between this type of convergence
and convergence in law, suppose that X is uniformly distributed on the
set {\/n,2/n,..., n/n). Then Xn” X e 7(0, 1), the uniform distribu-
tion on [0,1], but P(Xne A) does not converge to P(X e A) for all A.
For example, if 4 = {x: x is rational}, then P(Xne A) = 1 does not
converge to P(X e 4) = 0.

Part (d) is a tool for dealing with convergence in probability using
convergence almost surely. Generally convergence almost surely is easier
to work with. Here is an example of the use of part (d). If X,, —X with
probability one (i.e., almost surely), and if g(x) is a continuous function of
X, then it is immediate that g(Xn) —»g(X) with probability one. Is the
same result true if convergence almost surely is replaced by convergence
in probability? Assume X»n —>X and let g(x) be a continuous function of
x. To show g(Xn) —g(X), it is sufficient, according to part (d), to show
that for every subsequence, n{n2 ...e {1,2,...}, there is a sub-subse-
quence, m,, m2,... e {nx n2,...} such that g(Xm) —A g(X) as i —m So
let n{n2... be an arbitrary subsequence and find, using part (d), a
sub-subsequence m {, m2, ... e {«,, n2,...} sothat Xm X. Then g(Xw)

g(X), since g(x) is continuous, and the result is proved.

Proofof Theorem 2. (a) (In two dimensions)

P{X, - ed<m/2) " ple - e(j) <X, <c+t j)J
-pi{x-sct+te(!)M x-ic+e(->)}

-/-{x,Scte(-")}+p{x.£c-s()}
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Here is a picture:

c2 + e
°C

c2 —€

cl —e ¢l +e

(b) This is the Lebesgue Dominated Convergence Theorem in d dimen-
sions. Note that X, X and |Xjr < Z implies |X|r < Z as., so that
X, - Xjr < (X,,| + XPpr<(zur + Zl/ry <2/Z as. Now apply the
Lebesgue Dominated Convergence Theorem in the form given in the
previous section replacing Xn by \Xn - X\rand X by 0.

(¢c) Let x* denote the positive part of x: jif= max{0,x}) In one
dimension, for a real number x, [j¢ =x + 2(—=x)+ hence E\Xn- X\ =
E(Xn- X) + 2E(X - Xn)+ The first term converges to zero because
EXn—+EX. The second term converges to zero by the Lebesgue Domi-
nated Convergence Theorem, because 0 < (X - XnY <X ¥and EX+<
For dimensions greater than one, use the triangle inequality, Xn —X| <
Ey=l |X#w - X\, and use the above analysis on each term separately.

The proof of part (d) is based on the Borel-Cantelli Lemma. For events
Aj,j =0,1,..., the event {4j 1.0.} (read A} infinitely often), stands for the
event that infinitely many A; occur.

The Borel-Cantelu Lemma. [f EJ=l P(4j) < oy then P{Aj io.} = 0.
Conversely, if the Aj are independent and EJ=l P(A4j) = then
P{d4j io} =1

Proof. (The general half) If infinitely many of the A4 - occur, then for all »,

at least one 4} with j > n occurs. Hence,

I ® \ ©
P{4jio} ~ P _U Aj < £ P(4j) - 0. =

i=n ] j=n

The proof of the converse is an exercise. (See Exercise 4.)
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A typical example of the use of the Borel-Cantelli Lemma occurs in
coin tossing. Let Xx X2, ... be a sequence of independent Bernoulli trials
with probability of success on the nth trial equal to pn. What is the
probability of an infinite number of successes? Or, equivalently, what is
P{Xn= 1 10.}? From the Borel-Cantelli Lemma and its converse, this
probability is zero or one depending on whether £ pn < or not. If
pn= 1/n2 for example, then P{Xn= 110} = 0. If pn= [/n, then P{Xn

=1lio} =1
The Borel-Cantelli Lemma is useful in dealing with problems involving
almost sure convergence because Xn X is equivalent to

P{\Xn- X|>eio} - 0, for all e > 0.

(d) (If) Suppose Xn does not converge in probability to X. Then there
exists an e > 0 and a 8§ > 0 such that P{\Xn —X\| > ¢/ > & for infinitely
many 7, say {ffj}. Then no subsequence of /n) converges in probability,
nor, consequently, almost surely.

(Only if) Let en> 0 and EJLj < ca Find rj such that PfIX,, —X| >
Si] < G for all n > nj9 and assume without loss of generality that n{ <n2
< .... Let 4j = {{XW- X]|> sj). Then, EJ=l P(4j) <HE ,§ < so
by the Borel-Cantelli Lemma, P{4j i.0.} = 0. This says that with probabil-
ity 1, [ Xn —X| > § occurs only finitely many times. Since = —»0, we
have for any s > 0 that with probability 1, |[Xn - X| > e occurs only
finitely many times. Hence, XM X; that is olX" —X| > e 10} =0
for all e > 0. Similarly, if 7i is any subsequence, Xn —» X, so we can find
a sub-subsequence n" of i such that Xm» X =

EXERCISES

I. Let X/ X2... be independent identically distributed with densities
fix) —ax~(a*DI(X¥)(x). (a) For what values of ¢ > 0 and » > 0 is it
true that (1/n)Xn  0? (b) For what values of a > 0 is it true that
(I/n)Xn 0? (Use the Borel-Cantelli Lemma.) em
2. Show that if E E(Xn- X)2<w», then X ,, X and X,,-U X. Show
that if E E|X,, - X|r < < then X, Xand X, A X
3. Improve Theorem 2(b) and Theorem 2(c) by using Theorem 2(d) to
show
(a) If Xn—X and |[Xn|r < Z for some » > 0 and some random vari-
able Z such that EZ < oo, then Xn -A X
(b) If X, X X,>0,and EXn-> EX <o then X,, A X, where
r=1
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4. (a) Give an example of events A¢ A 2,... such that E“=| P(4j) = o
and P(4j i.0.) = 0.
(b) Show that if A4i,A2... are independent events such that
E“ , P(Aj) = o, then P(4j i.0.) = 1.
(Hint: Show that P{Aj finitely often} = P{U,, Cy>ndf =
lim,,"@&n,>,,(1 - P{4}) < lim,,_>aexp{-Ey>,, P(4j)).)

5. Let Xl X2,... be independent random variables such that P{Xn = na)
=\/n and P{Xn=0y,=1- \/n for n = 1,2,..., where a is a con-
stant. For what values of a, -00 < a < o is it true that
(@) X, 1 0?7
(b) Xn 0?

(c) Xn-A 0 for a given r > 0?

6. (a) Suppose fn(x) and g(jc) are densities such that for all x, /,,(*) —»

g(jc) as n —» oo. Show that

f\L(X) ~g(x)\ldx —>0Oas n 00.

(b) Show that if Xn has density fn(x), if X has density g(x), and if
/ - g(®)| dx — 0 as n —* o, then

sup |P{Xnf=A4) -P{X"4) | —»0as « -* oo.
4
7. Prove the following strengthening of Scheffe’s Theorem: If Xn X

and if F\Xn! E\X\| < g then E\Xn- X\ -> 0.
8. Show if X, X and if EX2-» EX2 then X, X



Convergence in Law

In this section, we investigate the relationship between convergence in
law of a sequence of random vectors and convergence of expectations of
functions of the vectors. The basic result is that Xn”* X if and only if
Eg(Xn) *Eg(X) for all continuous bounded functions g. We conclude
with the Continuity Theorem that relates convergence in law of a se-
quence of random vectors with convergence of the corresponding charac-
teristic functions.

Let g represent a real-valued function defined on We say that g
vanishes outside a compact set if there is a compact set C ¢ Rd such that
g(x) =0forallx £ C.

Theorem 3. The following conditions are equivalent.

(a) Xn5 X
(b) Eg(Xn)  Eg(X) for all continuous functions g that vanish outside a
compact set.

(c) Eg(Xn)  Eg(X) for all continuous boundedfunctions g.

(d) Eg(Xn) > Eg(X) for all bounded measurable functions g such that
P{X e C(g)} = 1, where C(g) = {x g is continuous at X} is called the
continuity set of g.

The implication (a) =>(b) or (c) or (d) is known as the Helly-Bray
Theorem. For example, it implies that Ecos(Xn) -* E cos(X) whenever
Xn X, because cos(jt) is continuous and bounded. We now give some
counterexamples to show the necessity of the boundedness and continuity
conditions.

13
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Example 1. Let gO) =x, and let

n  with probability 1/n,
0, with probability (n —1)/«.

Then Xn3 X =0, but Eg(Xj =nml/m= 1mEg(0) = 0. Thus in (c)
and (d), one cannot remove the boundedness of g.

Example 2. Let

and let Xn be degenerate at 1/n. Then Xn-» 0, but Eg(Xn) =1
£g(0) = 0. Thus in (b) and (c) one needs continuity; likewise in (d) one
needs P{Xe C(g)} = L

Proof of Theorem 3. Obviously, (d) =>(c) and (c) =>(b). We will show
(d) = (@) = (b) = (c) = (d).

(d) =>(a): Let x° be a continuity point of Fx. Then Fx(x°) = £g(X),
where g(x) is the indicator function,

The continuity set of g contains all points x except those such that x < x°
with equality for at least one component. Because x° is a continuity point
of Fx, we have Fx(x° + el) - Fx(x° - el) 0 as e -» 0, which implies
that the continuity set of g has probability 1 under the distribution of X.
Hence, » (x°) /~(x0). =

(a) = (b): Let g be continuous and vanishing outside a compact set, C.
Then g is uniformly continuous: For every e > 0, there exists a number
8 > 0 such that |x - y| < & implies |g(x) - g(y)| < e.

Let e > 0 and find such a &§ > 0. Slice C by finite sets of parallel
hyperplanes at a distance of at most &8/ )fd apart, one set for each
dimension, each hyperplane having probability zero under Fx (only count-
ably many parallel planes can have positive mass). This cuts into
parallelepipeds of the form (b,e] = {x: b < x < ¢} = {x: bt <x{<ch for
all /}. On any such parallelepiped |g(x) - g(c¢)| < e. Thus, |g(x) - g(x)] < e
for all x, where g(x) = £4a, (bdg(c)/(bd(x). This is essentially a finite sum
since g vanishes outside a compact set, and it may be rewritten as a finite
sum of the form, g(x) = £ £0,/(_" Xkx) (as in the proof of Theorem 2(a)),
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with Fx continuous at each x,. Thus, X,, ~ X implies that Eg(Xn) =
E, aiFx (\) => E, ajFx(x) = Eg(X). Finally,

[Eg(X,,) -Efc(X)]
<|M(XL,) - £E(X,)] T IEE(X) - ££(X)] HE£)2(X) - Eg(X))|
<2e +|Eg(Xn) —Eg(X)|-*2s.
Since this is true for all s > 0, Eg(Xn) -» Eg(X). =

(b) =>(c): Let g be continuous, |g(x)] <4 or all x, and e > 0. Find B
such that P{|X| > B! <e/(24). Find h continuous so that

hix) = (? gg: i§+ U and 0 < hf1) < 1forall x.
Then,
I£S(X.,,) -£g(X)[<|Eg(X,,) -Eg(X,,)/*(X.,)]
+1£g(XI/I(X,,) -Efr(X)A(X)]
+E£g(X)X) -Eg(X) |

The middle term -» 0, because g ¢k is continuous and vanishes outside a
compact set. The first term is bounded by e/2,

\Eg(Xn) -£5(X.,)/*(X,)|<£s(X )1 - h(Xn)\ <AE(\ - h(X,))
—A(\ - Eh(Xn)) >A(1- Eh(X)) <e/2,

and, similarly, the last term is bounded by e/2. Therefore, \Eg(Xn) -
Eg(X)\ is bounded by something that converges to e. Since this is true for
all e > 0, lim,, _ [£g(X,,) - ££(X)[ = 0. m

To prove (c) =>(d), we use the following lemma.
Lemma. Let g be bounded measurable with P[X e C(g)} = 1. Then, for

every e > 0 there exist bounded continuous functions f and h such that
f<g<h and E(h(X) - /(X» <e.

Proof. Define for k= 1,2,...,

Sk(x) = inflg(y) +*[x-y|] and hk(x) = sup [#(y) - £|x - y[].
y y

Then clearly, /j(x) </2Ax) < o <g(x) < e < h2x) <hnx). First note
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that the fk(x) and hk(x) are continuous and bounded. [Because
/t(x)) = inf[*(y)+*1x'-y|]
y

< inflg(y) + Ak - y[] +felx - x| =/*(x) + Ax- x,
y

so that \fk(x') ~fk(x)\ <&|x-x'|.] Let /0x)=1lim *” fk(x) and hlx) =

hk(x). Then /((x) < g(x) < Alx). Second, note that if g is contin-
uous at a point x, then /0x) = g(x) = h0{x). [Let s > 0 be arbitrary. We
show / (x) > g(x) —e. Find & > 0 such that |y —x| <& implies \g(y) -
g(x)] <e, and let B be a lower bound for the function g Choose
k > (g(x) - B)/8. Then

Jo(x) "A (X)

= min [e(y) + klx -

> min{g(x) - e, B+ ((g(x) - B)/8)8} =g(x) - e]

Third, note that Ef0(X) = Eg(X) = Eh(¥X), because P{Xe C(g)} = 1
Now by the Monotone Convergence Theorem, Efk(X) sIEf((X) and
Ehk(X) \ Eh(YX). So, for every e > 0, there exists k& such that E(hk(X) —

JkX) <8 m

Proof of (c) =>(d). Let g be bounded measurable with P(X ¢ C(g)) = 1,
let 8 > 0, and find / and /4 as in the lemma. Then,

Eg(X) - 8 <Ef(X) = lim Ef(Xn) < liminf Eg(Xn)
< limsup Eg(Xn) < lim Eh(Xn) = Eh(X) <Eg(X) + 8.
Let 8 > 0, and conclude Eg(X) = lim Eg(Xn). m

For Xe Rdand t e the characteristic function of X is defined as
w(t) = Eexp{/tr X} = Eexp[i(tIX] + o +tdXd)}, where i = J/—1.

Theorem 3(e) (the Continuity Theorem)

Proof- (=>) This follows immediately from the Helly-Bray Theorem, be-
cause exp{/tr X = costr X + isintr X is bounded and continuous.

(<=) Let g be continuous and vanishing outside a compact set. Then g
is bounded, |g(x)|] < B say, and uniformly continuous. Let ¢ > 0. Find
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8> 0 such that |x - y| < 8= |gX) - g(y)] <e To show Eg(X,) >
Eg(X), let  e"KO, <j2I) be independent of the X,, and X. Then

\Eg(Xn) -M(X)|<|£g(X,) -£#(X,, + Y]l
+1Eg(Xn+ Y] -££(X + Y]]
+132(X +Y,,) -E*(X)].
The first term is
N E{lg(X,,) —g(X, + YI)|/(JY1l] < S)}
+£{g(X,,) —gX, +YDI/(YT > S)}
< e+ 2BP{IYJ > 8} <2e

for a sufficiently small. Similarly, the third term < 2e. It remains to show
that

Eg(Xn+ Ya) -+Eg(X + Ya).

The characteristic function of*/f(0, a 21) is

f) = j eitl-z/(2ad d; = e-tHa22'
9 "2/it a

Using this with ¢ = 1/a, and making the change of variables u = x +y
for y, we find

Eg(Xn+ Ya) = ; fg(x + y)e yiy/@a? dy dFn(x)
fg(u) fe— ¥Tux/@MdF, (x) du

jg(u) ] y e,tr(u-x)-°"2rt/2 dtan(X) du

fe(u) YETI"_tr2t/296 ) dt du

i
o fe(u)feitliradlTvZx(-t) dt du,

using the Lebesgue Dominated Convergence Theorem (le'*Vx (“ 01 < 1
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and g has compact support). Undoing the previous steps, we see that this
last expression is equal to Eg(X + Y. =

EXERCISES

L.

If Xn™ X e”(A), is it necessarily true that Eg(Xn) - Eg(X) for

(a) g(x) = /Qio)(*X

(b) g(x) = exp{—x2j,

(c) g(x) = sgn(cos(jc)) [where sgn(jc) = +1 if x > 0, 0 if x = 0, and
-1 ifx <0]

(d) gU) =xI/

If not, give a counterexample.

. Show that if ar Xt ~ ar X for all vectors a, then Xn =5 X
. Show that if X» has a density /(x| if X has density fix), and if for all

X >fn<X) ) as « > oo then for all bounded measurable functions
g Eg(Xn) > Eg(X).

. The Poisson Approximation to the Binomial Distribution.

(a) Let Sn have the binomial distribution, & (n,pn), and let Z have the
Poisson distribution, «(A), and suppose that npn -> Aas n oo
Using characteristic functions, show that Sn ~ Z.

(b) Generalize as follows. Let X/n,XIn,...,Xnn be independent
Bernoulli trials with P(X}n= 1) =pj n. Suppose that as w-> ®
Plt,+ +p,,, > A>and maxj£npj n-> 0. Then, Sn A).

. Le Cam's Inequality. The followmg inequality gives a bound on the

worst error that may be made using the Poisson approximation. Let
XxX2 ..-,Xn be independent Bernoulli trials with P(X7 = 1) = p¢ for
i=1,...,w, and let Sn =E"Xr Let A= E? and let Z be a random
variable with the Poisson distribution, c"(A). Show that for all sets A4,

Im.e.4) -P(Ze/f)|<

Note that if each p{= A/w, this gives Exercise 4(a). (See J. Michael
Steele, “Le Cam'’s Inequality and Poisson Approximation,” Am. Math.
Monthly (1994), pp. 48-54, for a survey article.) [Hint: The following is
a coupling argument; it couples Sn and Z by defining them on the
same probability space, and making them as close as possible. For
i=1,..., n let U be independent ~(0,1) random variables, let Xt =
/(Lf > 1—p¢t), and let YA =0 if U <e~H and let ¥ be defined in
terms of * in such a way that ¥z e”/?,). Show this can be done, and
let Z = L?y; <EN(A). Then show (1) \P{Sn"A)-P{Z"A4)\<
PSn* 7);, 2) P(Sn* Z) < Ef P(X, * Y,\ and (3) P(X, * Jp <pf]



Laws of Large Numbers

The law of large numbers expresses the notion that the mean of a
sample from a distribution converges to the mean of the distribution in
some sense. When the convergence is in probability or, equivalently, in
law, this is known as the weak law of large numbers. When the conver-
gence is almost surely, it is the strong law of large numbers. The simplest
law of large numbers, and the most useful for statistical work, is for
distributions with finite second moments, and the convergence is in
quadratic mean.

All three laws of large numbers are stated in a multidimensional setting.
We give the proof of the weak law based on characteristic functions and
the continuity theorem. For this and for the proof of the central limit
theorem in the next section, we first review the properties of derivatives of
vector-valued functions of a vector variable, including a Taylor-series
expansion to the second order. We also review the relevant properties of
characteristic functions.

These laws are related to the notion of consistency of statistical esti-
mates and application is made to the Glivenko-Cantelli Theorem, which
states that the sample distribution function is uniformly strongly consistent
as an estimate of the true distribution function. Applications to estimating
regression coefficients and autoregressive parameters and to finding prob-
abilities of large deviations are left for the exercises.

Notation. If /: Ud > R, the derivative of / is the row vector,

d d
dx

19
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The derivative of g IR* —IRk, thinking of g as a column vector,

81
g=
8k
is
d d
s10) Al
£(*) = .
d d
$*(x) .
(a k X d matrix). The second derivative of /: v is defined as
(<1) r/(x) 2 / «
d .
/ « r/ (X)
(<)

Rules

(1) If £ IRf-» Us, g R1 ¥ and h(x) = g(Kx)), then h(x) = g(f(x))f(x).

2) If £ IRf-* IR g Ud- k and h(x) = f(x)rgx), then h(x) = g(x)rf(x)
+ f(x)rg(x).

(3) The Mean-Value Theorem. If f: IRd -» IR* and if f(x) is continuous in
the sphere {x |[x —xO0l < r}, then for |t|] <Tr,

f(xo+ t) = f(x0) + /of(x0o+ M) dutm

Proof. Let h(u) = f(x04 ut\ so that h(«) = f(x04 uz)t from rule (1).
Then, 4 ut)t du = /oh(u)dw = h(l) - h(0) = fIx0 4 t) —f(x0).
|

4) Taylor's Theorem. 1f /: Ud-> R, and if fix) is continuous in the
sphere {x |x - x0] <r}, then for |t| <T,

/(x0+ 0 =/(x0) +/(x0)* + tTfofovf(xo+ uvt) dudvt.
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Properties of characteristic functions. ﬁ:X(t) =Eexp{/t’X}.

(1) 9x(t) exists for all t e Ud and is continuous.

(2) ¥(©0) = 1and [gx(t)] < I forall te (Rf

(3) for a scalar b ¥0, /h(t) = (pc(t/b).

(4) for a vector ¢, gx+c(t) = exp{/t7c}<px(0.

(5) for X and Y independent, <x+Y(t) = <PxpY("

(6) if £1X1 < *°, 9x(?) exists and is continuous and <x(0) = /nr, where
Im= EX.

(7) if E|X|2 < oo, gx(t) exists and is continuous and x(0) = —FXXT

(8) if X is degenerate at ¢, <x(?) = exp{itrc}.

9) if Xis™tjx, 2), gx(t) = exp{/trjL—

Theorem 4. Let X, X1?X2, ... bei.id. (independent, identically distributed)
random vectors, and let Xn = (1/«)E" X;.

(a) (PFea* W) //E|X| < o then X, ft = EX.
(b) //E|X |2 < 00™ien X, p = EX.
(c) (Strong law) Xn p SE|X| <*and p = EX.

Proof, (a) Let x(t) = Zsexp{/tr X}. Then

n

Ax /0 = <X)+ . +xnt/n) = T\ (Px)~r/n) = P\{~r/n)

f agx(ut/n) du
Jo

Because 4x(0) = 1, and gx(s) ip7ase 0,

<Px(*)  exP\ lim J ipx(ut/n) du expi/jxrt;.

Here, we use the fact that for any sequence of real numbers, an, for which
lim,,” nan exists, we have (1 + am)n -> exp{limrt 3 nan}. Because
exp{ijxrt} is the characteristic function of the distribution giving mass 1 to
the point |m we havejxom the Continuity Theorem Xit — fit which implies
from Theorem 2(a), Xt —» [x.

b)

EIX, - p\2=E(Xn- n)T(X, - n) = (1/n2) £ £E(X.. - n)TX, - ,)
"

= (VQEE(Xi-")r(Xi-)

= (/n)E(X - Mr(X- jt) 0.
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(Note that this proof requires only that the X, be uncorrelated and have
the same mean and covariance matrix; it does not require that they be
independent, or that they be identically distributed.)

(c) Omitted. [See, e.g., Chung (1974), Rao (1973).] =

The method of proof of part (b) is very general and quite useful for
proving consistency in statistical estimation problems. In such problems,
the underlying probability, PQ depends upon a parameter 0 in © in Ud
and we are given a sequence of random vectors, ©, considered as
estimates of 0. We say that On is a consistent sequence of estimates of 0 if
forall 0 e 0, Oni 6 when P = PO is the “true” probability distribution.
This is sometimes called weak consistency, or consistency in probability.
We may similarly” define strong consistency (On 0), or consistency in
quadratic mean (€, —»0), both of which imply (weak) consistency. The
weak (strong) law of large numbers states the sample mean is a weakly
(strongly) consistent estimate of the population mean.

Exercises 1 and 2 give extensions of the law of large numbers. In the
first, the X; are not identically distributed, and in the second, they are not
independent.

The weak law of large numbers says that if X{,..., X n are i.i.d. random
variables with finite first moment, /i, then for every e > 0 we have
P(\Xn—p\ >e) >0 as n -=>o0. The argument of Theorem 2(b) only
shows that P(JXn —/i\ > e) -=> 0 at rate \/n. Actually, the rate of conver-
gence of P(\Xn —p\ > e) to zero is typically exponential at a certain rate
thatjdepends on e and on the underlying distribution of the A™s. That is,
P(\Xn - /x| > e) behaves asymptotically like exp{—#na/ for some a > 0,
in the sense that P(\Xn —/i\ > e)l/n  exp{—a} or

(I/n)\ogP(\X,, - M| >¢) ->-a asn oo

The study of the rate of convergence of P(\Xn —/x| > e) to zero is in the
domain of large deviation theory. (See Exercises 5-8.)

Consistency of the Empirical Distribution Function. Let Xv...,Xn be
independent identically distributed random variables on IR with distribu-
tion function F(x) = P(X <x). The nonparametric maximum-likelihood
estimate of F is the sample distribution function or empirical distribution
function defined as

1"
Fn(*) =™ le,,>»®.
n

Thus, Fn(x) is the proportion of the observations that fall less than or
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equal to x. For each fixed x, the strong law of large numbers implies that
F,(x) F(x), because we may consider «)x) as iid. random vari-
ables with mean Fix). Thus, Fi(x) is a strongly consistent estimate of
F(x) for every x.

The following corollary improves on this observation in two ways. First,
the set of probability one on which convergence takes place may be chosen
to be independent of x. Second, the convergence is uniform in x. This
assertion, that the empirical distribution function converges uniformly
almost surely to the true distribution function, is known as the Gliuenko-
Cantelli Theorem.

Corollary. P{supx\Fn(x) - FO)| >0} = 1.

Proof. Let e > 0. Find an integer £ > 1/ e and numbers —0= Xy <jJ <
x2 < e <xk x<xk= o such that F(xj) <j/k< F(x:) for j =
1,..., k —1 [F(xj) may be considered notation for P (X <x-)./ Note that
if Xj x<Xj, then F(xj) —F(xj_[) <s. From the strong law of large
numbers, Fi(xj) F(xj) and Fn(xj) F(xj) forj=1,..., k—1
Hence,

Let x be arbitrary and find j such that x} , <x <xt Then, Fi(x) —
F(x) <Fu(xj) - F(Xj x) <Fnxj) - F(xp +e, and Fux) - F(x) >
Fon(xj-1) ~ Fix-) "Fj<Xj _{) - F(xj_j) - 8. This implies that supjF,,U)
—F(x)| < An+ e 8. Since this holds for all e > 0, the corollary
follows. m

EXERCISES

1. (Consistency of the least-squares estimate of a regression coefficient.)
Suppose that for given constants zx z2,... the random variables
X19X2,-.. are independent with linear regression, E(X;) = a + j8zi9
and constant variance, var(”~) = cr2. The least-squares estimates of a
and based on X/9...9Xn are

n fj.n>

where zn= (1/rtiLty. A gm
(a) Under what conditions on zi9z2,... is it true that — — >j8?
(b) When does an—» a?

A
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(An autoregressive model.) Suppose e e2,... are independent random
variables all having the same mean ji and variance a 2 Define Xn as
the autoregressive sequence,

and for n > 2,
PXn~\ + en,

where -1 < /3< 1. Show that Xn —=wfi/(\" —/3).

(Bernstein's Theorem.) Let Xx X19... be a sequence of random vari-
ables with E(Xt?) = 0, var(X,) = cr2 and corr(Xi9Xj) = p/;. Show that
if the variances are uniformly bounded (cr2 < ¢, say), and if pt/ > 0 as
i - jl ->00 (i.e., for every e > 0, there is an integer N such that
1 - jl >N implies |p/;]| < e), then Xn—>0.

(Monte Carlo.) One strategy for evaluating the integral

o 1

by Monte Carlo approximation is as follows. Write integral with a
change of variable, y = 1/x, as

and approximate [/ by

where Y/9...9Yn is a sample from the uniform distribution on [0,1].
How well does this approximation work? Does [n converge
to 11

The following four exercises deal with large deviations for sums of i.i.d.

random variables. For an accessible introduction to the general theory, see
the book, Large Deviation Techniques in Decision, Simulation and Estima-
tion by James A. Bucklew, John Wiley & Sons, New York, 1990.

Let X/9...9Xn be iid. random variables with moment-generating

function M(6) finite for all 0. Let /x denote the first moment of X. To
show that P(\Xn - jn >jb ) converges to zero exponentially, it is sufficient

to

show that both P(Xn> /x4 e¢) and P(Xn <ji —e) tend to zero

exponentially. We concentrate on the first of these two quantities, since
the other is treated by symmetry. The main result is that if the large
deviation rate function, H (x| defined in Exercise 5, is continuous at
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/x + e, then (\/n)log P(Xn> /x + s) —H( /x + s). This is done in two

steps in Exercises 6 and 7.

5. Let A' be a random variable with moment-generating function, M(6)
= £exp{0A"} finite in a neighborhood of the origin and let fx denote
the mean of X, /x = EX. The quantity,

H(x) = sup(0jc —log M(0))
e

is called the large deviation rate function of X.

(a) Show that H(x) is a convex function of x.

(b) Show that H(x) has a minimum value of zero at x = /x

(c) Evaluate X(x) for the normal, Poisson, and Bernoulli distributions.
6. Show that

P(Xn>fx+e) <exp{- O(fx+e) -hnlogM(6/n)j
<exp{-nH(ix +e)}

for all 0 and n. (Use a Chebyshev inequality type of argument.)
7. Let fix) denote the density of the common distribution of the X/ and
introduce an exponential family of distributions having density

f(x\6) =eef(x)/M(6).

This reduces to the original density, fix), when 0= 0. Let Pe denote

the probability measure induced by this density, and note that P = PQ

Let 8 be an arbitrary positive number, and let y = x4+ s + & Find O

such that EFe, X =y, or equivalently, M'(0')/M(0") =y._

(a) Show that PO(\X, - yI1< 8) <exp{nH(y + 8) P\ Xn - yl < §).

(b) Note that P(Xn> /x4 s) > P\ Xn—y1< 8) > exp{—nH(y +
8)}Pe.(\Xn -y\ < 8\ and conclude that liminfw*JI!/n)log P(Xn
>nx+e) > —H(fi+ s)

8. For the Bernoulli distribution with probability p of success, the rate
function H(x) is not continuous at x = 1. Establish the rate of conver-
gence of P(Xn> 1)and P(Xn > 1) to zero directly in this case.
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In this section, we present the basic Central Limit Theorem for i.i.d.
variables. We do this for vector variables since the proof is essentially the
same as for one-dimensional variables. The extension to independent
nonidentically distributed random variables, due to Lindeberg and Feller,
is stated without proof. Applications are given to some important statisti-
cal problems: to least-squares estimators of regression coefficients, to
randomization tests for paired comparison experiments, and to the
signed-rank test.

Theorem 5. Let XUX?2,... beLi.d. random vectors with mean fit andfinite
covariance matrix, X. Then }fn(Xn —fijt) 0,2).

Proof Because yfn (Xn - jjt) = (1/ {n )E?(X; - jjl), we have
A<E 00 - <Pwr At/ ")
= n<Px,-li(t/v'rt) = (p{t/4n)n, )
where <pft) is the characteristic function of X; —/. Then, because ¢0) =

I, 0) = 0, and <p(e) > -X as e -> 0, we have, applying Taylor’s Theo-
rem,

fysrfl.-ioCO = (] + -¢t'f*v<p(uvt/ifn) dudvt

> exp|\nl_i£r°1° t’ﬁojﬂv(p(uvt/}fn) dudvt
= exp{-(1/2)t'2t}. 2)

26
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In the convergence statement, we have used the fact that for any sequence
of real numbers, an, for which limn  nan exists, we have (1 + an)n >
expflim |

The extension of the Central Limit Theorem to the independent non-
identically distributed case is very important for statistical work. We state
the basic theorem in one dimension without proof. See Feller (1966)
(Vol. 2) or Chung (1974) for a proof quite similar to the proof of Theorem
5. It is useful to state this extension in terms of a triangular array of
random variables,

Xn
X207 722
"N32PX 3B

where the random variables in each row are assumed to be independent
with means zero ad finite variances.

The Lindeberg-Feller Theorem. For each n= 1,2,..., let X9 for
j =12,..., n be independent random variables with EXn = 0 and
var{Xm) = a 2 Let Zn = L] Xnj, and let B2 = var(Zn) = E%<Ti2 Then,

Zw/'Bn-+JX0,1), provided the Lindeberg Condition holds: For every s > 0,

E E{X*I(\Xnj\ > sBn)} - 0asn ~ oo (3
J—
Conversely, if (1/Z?)Ymax;<n a2 -> 0 as n -=> o (//z«/ £, if no one term of

the sum B 2 plays a significant role in the limit), and if ZwBn 1), then
the Lindeberg Condition holds.

The important special case where there is a single sequence, Xy X 29---9
of independent identically distributed random variables with mean fr and
var(Xj) = a 2 can be obtained from this theorem by putting Xnj = znJXj
- p) to obtain the asymptotic normality of Zw/Bn where Zn =
Ey—2Zy(Xj - fi) and B2= cr2E"5,z". (See Exercise 5.)

Example 1. Application to the asymptotic normality of the least-squares
estimate of a regression coefficient. Suppose Xy= a + 3z, + ¢ for j =
1,2,..., where the z; are known numbers not all equal and the are
independent random variables with means zero and common variances
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cr2. In Exercise I of Section 4 we saw that the least-squares estimate, ;¥
of /3 was consistent provided EAI(z;-—=zn)2 > was n > oo We now show
that if the conditions are strengthened to include

(a) the ¢ are identically distributed, and
(b) maxj<n(zj - zn)2ZEJL,Uy- zn)2 -» 0 as n -» oo,

then (31 is asymptotically normal.
Note that

As: E ‘Xj/\Z] 7Z”)j £ (Z] 7Z”)2
j-t / j-1

:ﬁ + E e}’(«y - Z,,)/ £ (Zy - Z”)2~ (4)
y=1 / j—+

We show that the conditions of the Lindeberg-Feller Theorem are satis-
fied with = e,(z; —zn). Since EXnj = 0 and variXnj) = €2(zj - zn)2,
we have B2= <t"E"=l(z; - z,)2 and

4 E * eBw)l
“i E. £{«y (*y - *»)2* (M Z/ “ f») * eB«
v {«y (*y )2% ( ) )}7

£1 E (zy- ©@)2Mey2/(leyl * e0/%)), )
ny=
where y 2= max;<(zy - zn2L]"l(zj - z n)2 From assumption (a), the
expectation term is independent of j and may be factored outside the
summation sign. The terms B2 cancel, and the expectation tends to zero
because the variance of ¢ is finite and yn -> 0 from assumption (b). We
may conclude that

- 0) "X0,cr2), (6)
where s2= E™=l(z-- z,)2n.

Example 2. The randomization t-test for paired comparisons. In a paired
comparison experiment for comparing a treatment with a control, 2n
experimental units are grouped into » pairs such that within each pair the
units are as much alike as possible. Then for each pair, it is decided at
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random which member of the pair receives the treatment and which serves
as control. We let (Xj9VJ) represent the resulting measurements on the ;th
pair, for j = with Xj being the result of the treatment and ¥
being the result of the control.

The usual paired comparison ¢ test for comparing treatment and control
is based on the assumption that the differences, Zy = Xj —Yjf are inde-
pendent and identically distributed with finite second moment. The hy-
pothesis HO0 of no difference between treatment and control becomes the
hypothesis that the distribution of the Zy is symmetric about zero. The
usual test of H0 is based on the one-sample ¢ statistic, t = yn - 1ZHsz=

yn - | (Xn—Yn)/s” where sz is the standard deviation of the sample,
si = (I/A1))L?(Zy - Z,,)2. Under the hypothesis that the Zy are i.i.d. nor-
mally distributed, ¢ has ¢ distribution with » —1 degrees of freedom.

Randomization tests (sometimes called Permutation tests) may also be
used for this problem. This test is based solely on the fact that the
assignment of treatment and control to the pairs is made independently
and at random. The analysis of the test is done conditionally on the
observed values of the zy. Because of this, the random variables zy,
conditional on the values |Z;| = |z;|, are independent under HQ with
P(Zj = +\4\) = P(Zj = |zj|) —j. Thus under //0, the vector
(Z4 ..., Zn) has 2” equally likely possible values, (+ \zxI,..., = \zrl). Any
statistic based on (Z19..., Zn) has at most 2n values as well.

The randomization ¢ test uses the one-sample ¢ statistic, ¢ =
yn - 1Zw'sz. The rejection criterion is not based on the ¢ distribution but
rather on the discrete distribution generated by these 2” equally likely
values of (Z4 ..., Zn). For example, testing against one-sided alternatives,
one computes the ¢ statistic for all 2n values and rejects HO if the
observed ¢ falls in the upper 100a % of them. For small values of #, this
distribution can easily be tabled by a computer by evaluating the ¢ statistic
at each of these 2" values. For large values of n, other methods must be
employed. One method is the Monte Carlo method of approximate ran-
domization, where a random sample of a few hundred is drawn from the
distribution and the observed ¢ statistic is compared to the sample. The
method we use here looks at the large sample distribution of the statistic
under the randomization hypothesis. _

First, consider the randomization test applied to the statistic Z,. We
show that if the z; satisfy the condition

then yfnZwo'n—v/'tO, 1) under //0, where am2= (I/«)E"z2. We let



30 A Course in Large Sample Theory

Xwnj = Zj in the notation ofthe Lindeberg-Feller Theorem. Then EXn = 0

and var =zf, so that B2= L"zf. We show E" Zj/Bn 1) by
checking the Lindeberg Condition. Because \Xnjl is degenerate at \zj),

I{m3xzf/Ba >e?2). (8)
ly<n

From condition (7), this is equal to zero for all n sufficiently large. Thus,

we conclude that yfnZwan= £" Zj/Bn 0,1). B

The randomization t test is based on the t statistic rather than Zn.
However, one can show that these two randomization tests are equivalent.
This® is because ¢ = ynh —1Zw'sz is an increasing function of u =
yfnZn/(Th. To see this, note that + and v always have the same sign, and
that

v2=nZ2cr,2=nZd/(s2+ 72) =n|— +1j

The conclusion to be drawn from this is that the randomization ¢ test is
asymptotically normal and has asymptotically the same cutoff points as the
usual ¢ test provided (7) is satisfied. This result can be considered as a
nonparametric justification of the usual t test for paired comparisons
when the sample size is large.

Example 3. The signed-rank test for paired comparisons. One may also
apply the signed-rank test to this problem. This test, like the randomiza-
tion ¢ test, is based on the assumption that under H( the random variables

Z;, conditional on the values |Z;| = |z|, are independent with P(Z; =
+ \zjl) = P(Zj —- \zj\)) = \. The signed-rank statistic is defined as fol-
lows. Let Rj denote the rank of |z;| in the ranking of \z{],..., lzn| from

smallest to largest. (We assume that all the |z;| are different and that no
lz71 is zero.) Then the signed-rank statistic, W+, is the sum of the ranks Rj
for those Z; that are positive:

(9)
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If we reorder the subscripts of the Zy so that 0 < |z,| < [z2] < e <
|z,,|, then we have W+= E" .//(Zy > 0). Because under H0, the /(Zy > 0)
are i.i.d. Bernoulli variables equally likely to be zero as one, we find

1JL nmn+ 1)
ewA-Zp—S—r—A

(W D@y 1)

varlF+= -1££y'%= (10)

To show asymptotic normality of (W+—EW+)/ y*var W+ , note that H+=
E?y/(Zy > 0) may be reduced to a form of the randomization test based
on Zn. In fact, if Wh denotes the sum of the ranks of the positive Z.,
minus the sum of the ranks of the negative Z;, then (assuming no z.= 0;,
Wn= EJjKZj > 0) - Ei ;/(Z, < 0) = 2JK+- Eij. This shows that W+
is linearly related to Wn. But (\/ri)Wn is exactly of the form of Zn of the
randomization test with |z;| =j. We merely have to show that the se-
quence \z\ =; satisfies (7). This follows because max, <nj2= n2 and
E"j2=n(n 4 1)2n 4 1)/6. We may conclude thaeg Wi and hence W+

are asympotically normal; (W+—EW+)/ yVar 0,1).

Improving the Approximation

The convergence in the Central Limit Theorem is not uniform in the
underlying distribution. For any fixed sample size n, there are distribu-
tions for which the normal distribution approximation to the distribution
function of yfin (Xn — /4O /ct is arbitrarily poor. However, there is an upper
bound, due to Berry (1941) and Esseen (1942), to the error of the Central
Limit Theorem approximation that shows the convergence is uniform for
the class of distributions for which E\X —/z|3/0-3 is bounded above by a
finite bound. We state this theorem without proof in one dimension.

Berry-Esscen Theorem. [f X} X2, ..., Xn are i.i.d. with mean /x, vari-
ance a 2> 0, and absolute third moment p = E\X —p\3 < *°, then

|[Fit(jt) - 4>(x)| < cp/(]fncr3), for all x and n, (11)
where Fn(x) is the distributionfunction of yfn(Xn —/z)/cr, where 4(jc) is the

distribution function 0fJX0,1), and where c is a universal constant known to
be greater than 0.4097 and less than 0.7975. [See van Beek (1972).]
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When we have information about the third and higher moments of the
underlying distribution, we may often improve on the normal approxima-
tion by considering higher-order terms in the expansion of the characteris-
tic function. This leads to asymptotic expansions known as Edgeworth
Expansions. We present without proof the two next terms in the Edge-
worth Expansion approximations of Fiyx):

B2(x3- 3x) p?(x5- 10jc3 + 15jc)

24m 12n - (12)
where = FE(X - fi)3/<r3 and /32=E(X - pY/cr* —3 are the coeffi-
cient of skewness and the coefficient of kurtosis, respectively, and where
<p(x) represents the density of the standard normal distribution. This
approximation is to be understood in the sense that the difference of the
two sides when multiplied by n tends to zero as n -> ca Assuming the
fourth moment exists, it is valid under the condition that

limsup |E(exp{itX}) | < 1. (13)
/| =

This condition is known as Cramer's Condition. It holds, in particular, if
the underlying distribution has a nonzero absolutely continuous compo-
nent. The expansion to the term involving 1/ 4n is valid if the third
moment exists, provided only that the underlying distribution is nonlattice,
and even for lattice distributions it is valid provided a correction for
continuity is made. See Feller (Vol. 2, Chap. XVI1.4) for details.

Let us inspect this approximation. If we stop at the first term, Fiyx) ~
<Bxx), we have the approximation given by the Central Limit Theorem.
The next term is of order 1/ yfz and represents a correction for skewness,
since this term is zero if f}{ = 0. In particular, if the underlying distribu-
tion is symmetric, the Central Limit Theorem approximation is accurate
up to terms of order 1/ n. The remaining term is a correction for kurtosis
(and skewness) or order 1/n.

The Edgeworth Expansion is an asymptotic expansion, which means
that continuing with further terms in the expansion with #» fixed may not
converge. In particular, expanding to further terms for fixed » may make
the accuracy worse. There are a number of books treating the more
advanced theory of Edgeworth and allied expansions. The review by
Bhattacharya (1990), treats the more mathematical aspects of the theory
and the book of Barndorff-Nielsen and Cox (1989) the more statistical.
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Table 1. Normal and Edgeworth approximations of the normalized
mean of a sample of size 5 from an exponential distribution

X <&K) Ej(x) E2x) Exact
- 20 0.023 - 0.001 -0.007 0.000
-1.8 0.036 0.010 0.000 0.003
-1.6 0.055 0.029 0.017 0.015
-1.4 0.081 0.059 0.047 0.042
-1.2 0.115 0.102 0.091 0.086
- 1.0 0.159 0.159 0.151 0.147
-0.8 0.212 0.227 0.223 0221
-0.6 0.274 0.306 0.305 0.305
-04 0.345 0.391 0.392 0.392
-0.2 0421 0.477 0478 0478
0.0 0.500 0.559 0.559 0.560
02 0.579 0.635 0.634 0.634
04 0.655 0.702 0.700 0.701
0.6 0.726 0.758 0.758 0.758
0.8 0.788 0.804 0.808 0.807
1.0 0.841 0.841 0.849 0.847
12 0.885 0.872 0.883 0.881
14 0.919 0.898 0.910 0.908
1.6 0.945 0.919 0.931 0.929
1.8 0.964 0.938 0.947 0.946
20 0.977 0.953 0.959 0.959

Hall (1992) is concerned with the application of Edgeworth Expansion to
the bootstrap.

We conclude with a simple example to illustrate the improvement in
accuracy afforded by the Edgeworth Expansion. Suppose that n = 5 and
that Xx X2,..., Xn is a sample from the exponential distribution with
density exp{—jc} on (0, 00). For this distribution, /x= 1, a2 =1 j8 =2,
and f§2 = 6. In Table 1, the exact values of Fiyx) may be compared with
the normal approximation, 4>a:), and the Edgeworth Expansions to terms
of order 1/ yfm and 1/ n, denoted by Exx) and E2(x), respectively. The
exact values may be obtained from the | 2 distribution with 10 degrees of
freedom, normalized to have mean 0 and variance 1.

It may be seen that the normal approximation is only moderately good,
being off by 0.060 at x = 0. The approximation Exx) is much better, the
maximum error having been reduced to .018, occurring at -1.4.
Finally, the approximation E2(x) is remarkably good, having a maximum
error of 0.005 at x = —1.2. The negative values of Ex and E2 may be
replaced by zeros.
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EXERCISES

L.

(a) If XBX2,... are iid. in U2 with distribution giving probability
to hJ, 02to ®,and (1 ~ 0f- 02) to |®J, where 6X> 0, 02> 0,
and 0l + 02 < 1, what is the asymptotic distribution of Xn given
by the Central Limit Theorem?

(b) Let X{ X2,..., Xn be a sample from the Poisson distribution
with density f(x\6) = e~adx/x\ for x = 0,1,..., and let Zn be
the proportion of zeros observed, Zw= i\/n) YJ]"{I(Xj = 0). Find
the joint asymptotic distribution of (Xn, Zn).

. Let Xy,X2,... be independent and suppose that Xn = ym with

probability | and Xn = — Jfn withj>robability = for n = 1,2,... .
Find the asymptotic distribution of Xn. (Check the Lindeberg Condi-
tion.)

Show that the Lindeberg-Feller Theorem implies the Central Limit
Theorem in one dimension.

. Give a counterexample to the conjecture: If X X2,... are indepen-

dent raegdom variables, and EX.J =0 and varX: = 1 for all /, then

y/nXn 0,1). (Consider distributions of the form P{X} = V) =p-/2,
P{Xj = —lj] =pj/ 2, and P{X} =0} = 1 —joy, for some numbers ¥
and pj.)

(All the applications of this section may be based on the following
special case of the Lindeberg-Feller Theorem.) Suppose X V.X2,...

are i.i.d. random variables with mean /x and variance a 2 Let Tin =
Ey” zmnjXj, where the zwm are given numbers. Let fin= ETn and
a 2 =var T, Using the Lindeberg-Feller Theorem, show that (7 —

1) provided maxy<nz@/YJ]"xz@ -> 0 as n >
Records. Let Z,,72,... be iid. continuous random variables. We say
a record occurs at k if Zk > max7<"Z". Let = lif a record occurs
at & and let Rk =0 otherwise. Then RHR2,... are independent
Bernoulli random variables with P(Rk=1) =1 —P(Rk=10) = 1/k
for k = 1,2,... . Let Sn = YJ/Rk denote the number of records in the
first n observations. Find ESn and varSw and show that (Sn —

ESn)/ "var Sn 0,1). (The distribution of Sn is also the distribu-
tion of the number of cycles in a random permutation.)

Kendalls r. Let Zt,Z2,... be 1.i.d. continuous random variables, and
let Xk denote the number of Z¢ for i < k that are out of order, that
is, have values greater than Zk, Xk = Ef 1/(Z, > Zk). 1t is known
that the Xk are independent random variables and that Xk is uni-
formly distributed on the set (0,1,..., &k —1}. The statistic 7n = E? Xk
represents the total number of discrepancies in the ordering. It is zero
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if the observations are in increasing order, and it takes on its maxi-
mum value of L"(& —1) = n(n —1)/2 when the observations are in
decreasing order. It may be used as a nonparametric test of random-
ness against the hypothesis that there is a trend in the observations,
increasing or decreasing. The statistic, = 1- 4Tw/'(n(n - 1)), is
always between —1 and 4-1 and is called Kendall’s coefficient of rank
correlation. It is a measure of agreement between two rankings
of n objects. Find ETn and var and show that (Tn- ETn)/

/var Tn 1).

If A", X2,.. s, Xn are i.i.d. in IRl with distribution giving probability |
to - land 4-1, find cn for n = 1and 2 such that sup* |Figx) - <€(*)
= cnp/Wn cr3). What do you conjecture for limt  cn? (Use Stirling’s
formula: n\ = (nw/en))/2irn .) What does this say about the constant ¢
in the Berry-Esseen Theorem?

Show that if X{ X2,..., Xn are samples from a distribution with
coefficient of skewness and coefficient of kurtosis j82, then the
coefficient of skewness (3ln and the coefficient of kurtosis /32n of
Sn=X{+ X2+ e +X aregiven by /3,,, = &/{n and pZn = j§2n.
Conclude that Table 1 also represents the Edgeworth Expansion
approximations for the mean of a sample of size 10 from the x 2
distribution with 1 degree of freedom, or the Edgeworth Expansion
approximations for a sample of size 1 from the x 2 distribution with 10
degrees of freedom.

Suppose that X{ X2 X3 is a sample of size 3 from the uniform
distribution on (0,1). Compare the exact probability, P(X, 4 X24
X3 < 2), to its normal and Edgeworth approximations.
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Slutsky Theorems

A common problem in large sample theory is the following. Given a
sequence of random vectors, {Xn}, and given its limit law, say Xn —X,
find the limiting distribution of f(Xn) for a given function, fix). The
Slutsky Theorems provide a powerful technique for attacking this prob-
lem. For example, it gives a simple method for showing that the "-statistic
for a sample from a distribution with finite variance is asymptotically
normal, as we shall see.

Theorem 6. (a) If Xne Rd Xn X, and if £ Ud—>Rk is such that
P{X e C{)} = 1, where C(0 is the continuity set of f, then f(Xn) */(X).
Md)// X, Xand (Xn-Y,,) 0, then Y, X
() If X, e [RfY,, e R, X, X and Y,, ™ c, then

p

Note: We say Xn and Y,, are asymptotically equivalent if (X,, —Yn) —>0.

Thus, part (b) states that asymptotically equivalent sequences have the
same limit laws.

Example 1. Suppose Xn*>X e~tO, 1). Then, using fix) =x 2, part (a)
gives X2 X2 because / is continuous. Since X 2e X| when X e
~(0,1), we have X2 xl-

39
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Example 2. If Xn"*X 0,1), then 1/Xn Z, where Z has the
distribution of 1/X, even though the function fix) = \/x is not continu-
ous at 0, because P(X = 0) = 0. Z has the reciprocal normal distribution
with density,

1 t 1
8(Z) 4lvz2&XP\ 222

Exampl e 3. However, if Xn= 1/n and
/1, ifx >0,
\0, ifje<oO,
S &
then Xn—*0, but f(Xn) ~ /(0).

. . @
Example 4. Part (c¢) cannot be improved by assuming Y» —Y and con-
cluding | j j. For example, if A'is ~(0,1) and Xn =X for all n,
and Yn =X for n odd and Yn=1- X for n ¢

Yn  70,1), yet |y] does not converge in law.

Example 5. Suppose Xn X and Yn ¢ Does Xn+ I¥n" X +c7
First we note from (c) that ] and then from (a) with /(x, y) =

x +y that Xn+ Yn” X + c. This combination of (a) and (c) is worth
stating as a corollary.

Corollary. If Xn<eMd Yn<eR*, Xn "~ X ,Yn" ¢ and f: Ratk ~ W is
such that e C(f)|= 1, then f(X,,,Y,) N (X, 0.

This follows directly from (a) and (c).
Example 6. If X,,» Xand,, ¢, then Y,TX, ~ cTX

Example 7. In one dimension, if ¢ ¥0and Xn X and Y, 1 ¢, then
Xw'Yn—»X/c. In this last, we are using the function

X X/
AR IS

which is discontinuous at all points of the line y = 0. However, the
limiting distribution of ~ j gives mass 0 to this line if ¢ 0, so the result
follows from the corollary.
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Proofof Theorem 6. (a) Let g: Uk -> U be bounded and continuous. From
Theorem 3(c), it is sufficient to show that £g(f(Xw) > Eg(f(X)). Let
h(\) = g(f(x)). Then, a point of continuity of f is also a point of continuity
of h; that is, C(f) ¢ C(h\ so from Theorem 3(d), £g(f(Xn)) = Eh(Xn) ->
Eh(X) = Eg(f(X)).

(b) Let g be continuous vanishing outside a compact set. From Theo-
rem 3(b), it is sufficient to show that Eg(¥Ym) ->2sg(X). Because g is
uniformly continuous, let s > 0, and find 8 > 0 such that

X -yl < 8=>g(x) -g(y)l < e
Also g is bounded, say |g(x)| < B. Thus,
|£& (L)) -Eg(X)| z\Eg(Yn) -Eg(Xn) +\Eg(Xn) - Eg(X)\
= £lg(Y.) -g(X )X, -Y T <8)
+ El\lg(Y,)-g(Xm\I(\Xn-Y,\1>8)
+1Eg(Xn) -Eg(X)|\
<e+ 2BP{\X, - Y] > 5} + 1Eg(Xn) - ££(X)] e.
() P{|(*-) -(x)| > 8 = Pi|]Y,,- cl > 8 > 0.
So from (b), it is sufficient to show that But if g is

continuous bounded, Eg(Xn,c) > Eg(Xyc) because Xn—»X. =m

Asymptotic Normality of the t Statistic. 1f X17X2,... is a sample from a
distribution with mean ji# and variance cr2> 0 (on the real line), then

X, fi and (I/n)£x2"EX2,
1

from the Law of Large Numbers, so from the corollary,
sd=(1/«)Zxf - *EX2-p2=oal
1

In addition,
v)/a 1)
from the Central Limit Theorem. Hence, again from the corollary,

& (X,-p)/sn” ( 0,1).
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The left side is defined as zero (or anything else) if s, —O0, as in Example
7. From this it follows that the ¢ statistic is asymptotically normal,

=VAT(A”'m)A”A(0,i)' L]

The Slutsky Theorems for convergence in probability are quite analo-
gous to Theorem 6, but part (c) can be strengthened:

Theorem 6'. () If Xtte Ud, Xn X, and . Ud -> Uk is such that
P{X e CM} = 1, then {(X,) {(X).
(b) // X,, X and X, - Y,, 0, then Y,, A X

© // X, A Xand Y, A Y, then (*).

The Slutsky Theorems for convergence almost surely, obtained by
replacing —» wherever it occurs in Theorem 6 by — , are also valid
and easy to prove.

EXERCISES

1. Prove Theorem 6'. Hint: For (a), use Theorem 2(d).
2. Show that if {Xn} and {y,} are independent, and if Xn X and

Yn”~ Y, then j where X and Y are taken to be indepen-

dent.
3. Consider the autoregressive scheme,

Xn=pXnt + en, forn=1,2,3,...,

where ev s2,.-. are iid., Een= //, var(ett) = a2, -1 < <1, and
X 0= 0. Show that Xrn= (1/n) E" Xj is asymptotically normal:

A(Xn- 0 -13)) A0 ,a 2( -/3)2), if-1 </?< 1,
(Xn- 1i/2) » (0, £22), ifB= -1

Note the discontinuity at = -1. What happens at p = +1?

4. (a) Show that two sequences of normalized random variables are
asymptotically equivalent if their correlation converges to one. (A
random variable is normalized if it has mean 0 and variance 1.)
Conclude that if (Xn- EXn)/ y*varXn ~ X and if corr(Xn,¥Yn)

1, then (Y,, - EYn/ N~ X
(b) Suppose Xn and ¥n have zero means and equal variances. Is it true
that if X» X and corKA%,y,,) > 1, then Yn * XI
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5. Show that if E(Xn- Yw2\ax Xn -» 0, then corr(AmY¥Yn) -» 1. Con-
clude using Exercise 4,

Xn-EXn s E(X,-Y,)2
-'m - - =X and " »0
yvar X, var X,
imply
Yn- EYn #
VWar Yn ~

6. The following version of Theorem 6(b) is often useful for nonnegative

random variables.
(a) Show that if Xn X > 0 and X,,/¥n A 1, then ¥n * X.
(b) Extend this result to random vectors.



Functions of the Sample Moments

We continue investigating the implications of the Slutsky Theorems.
Here we study Cramer’s Theorem on the asymptotic normality of func-
tions of the sample moments through a Taylor-series expansion to one
term. In some situations, the rate of convergence to normality is exceed-
ingly slow. Hence, we conclude this section by studying improvements to
the normal approximation that take more terms of the series expansion
into account.

The analysis of the asymptotic distribution of the /-statistic given in the
previous section may be extended jto d dimensions as follows. From the
central limit theorem, we have [fn(Xn ~ 1¥) — X) where X = var(X),
and from the Law of Large Numbers, with some help from the Slutsky
Theorems, we have S, = (I/n)E"(X; - X, XXy- X,,)r X If X is
non-singular, then P{S, is nonsingular} — 1 and S~12]fn(Xn —
ix) X~1/2Y where Y eJiO, X). Srnce 2 “1/2Y e"K0,X“)/22 2 “ 1/2)
=yK0,1), we conclude that S~"/2-Jn(Xn - fi) 0,1).

This is an example of a more general theorem, due to Cramer, that
states that smooth functions of the sample moments are asymptotically
normal. First, it is clear from the Central Limit Theorem that the sample
moments about zero, things like (I/rOT,"” (1/«) and
(1/«)E" XfYj, are jointly asymptotically normal if the expectations of the
squares of all terms exist. Then, repeated application of the following
theorem shows that moments centered at the sample mean and smooth
differentiable functions of them are also asymptotically normal.

44
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Theorem 7 (Cramer). Let g be a mapping g: Ud such that g(x) is
continuous in a neighborhood of | g If Xn is a sequence of d-dimen-
sional random vectors such that [/n(Xn—(X) —2 X, then [fn(g(Xn) -
g(x)) —g(x)X. In particular, if [fn(Xn —[ut) 0,2) where 2 is a
d X d covariance matrix, then

- g(f-)) *10,g(i*)2g(t«.)r). (1

Proof. First note that {n (X,, —p) * X implies that Xn  p.. Now if g(x)
is continuous in {x: |[x —[x| < 6}, then for |x —[x| <8,

g(x) = g(p) + }o'g(p + v(x - p.)) dvix - p.), 2)

so for |[XW- [|x| < §,

v« (g(X,,) =flg(n +v(Xn- ix))dmfn(X, - ja). (3)
‘o

Since X,, n, we have /X|X,, —(l| < 8) -* land /0 g(jjl + y(X,, —p)) du

g(*X so V/(g(X,,) —g(Gt) *5 g(j)X. If X eJXO0,2), then because
£g(ji)X = 0 and var(g(jw)X) = g(ji)2g(fli)r we have g§t)X e
~(0,g(l1,)2g(|Ji)r).

Example I. For a sample from a ong;dimensional distribution with mean
ju and variance cr , va(Xn—/) a ). What is the asymptotic
distribution of X 22

Solution. Let g(x) =x 2 Then g(jc) = 2x, and g(ju,) = 2/t. Hence, from
Theorem 7,

VAX2- fi2) ~ (0, Ver?2). 4)

Note: This example and those that follow bring out several points to be
aware of in large sample theory. First, the rate of convergence to normal-
ity in Theorem 7 can vary widely with variation in either g or /I

Second, the asymptotic variance can be zero as in Example 1 when
4l = 0. All this example says when 4/ = 0 is that 4n X 2 —» 0, and this is
not what one means by asymptotic distribution. We would like to find an
asymptotic scaling sequence an such that anX 2 has a nondegenerate
distribution. In fact, when 4l = 0, nX2 —>a 2 2, because by Slutsky n X2 =
(yfnXn)2 > Y2 where Y 0, @ 2) so that (Y/a )2 ¢
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Third, the moments of the limit need not be the limit of the moments,
as the following example indicates.

Example 2. Suppose that 4n(Xn- fi) 0, a 2. What is the asymp-
totic distribution of 1/Xn? Let g(x) = I/x. Then g(*) = —I/*2 and
g(/l) = - 1//12 Therefore, by Cramer’s Theorem, when /i ¥0,

&
X, (©))

However, when Xn a2n), E(1/Xn) does not exist, because for
any distribution with density positive and continuous at the origin,
E(l/ \X) = a

Example 3. Assuming finite fourth moments, what is the asymptotic
distribution of the sample variance, s2 = (I/n)L “(Xj - Xn)2? Since s2 =
(I/n) E? X 2—X 2, we must first find the asymptotic joint distribution of
the first two moments. Since s2 does not depend on location, we may as
well assume /i = 0 (or equivalently, work with X} - p). Let mxx =
(1/n)E? X2 and mx= (1/n)E? Xj. From the Central Limit Theorem,

mx &
A
rav (0’2 )’
where
war X cov(X2,X)
cov(X2,X) var X 2

To find the asymptotic distribution of s2, let g(mx,ra”) =mY¥Y m? = s?,
and note that g(mx, mxx) = (—2mx, 1) and g(0, o0-2) = (0,1). Hence,

Vn (s2—- 02 " "0, g0 <2)Xg(0, <2r)
=./f(0,var®2) =Af(0,EY4- (£*2)2)

="(0,ju4- 0-4). (6)
If the parent distribution is normal, then /i4 = 3a*4, so

yfnrsl —a 2) 2ad).
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Improving the Approximation. We return to the observation in Example 1

that if Jn (Xn —/x) — <2) and g(x) = x2, then Cramer’s Theorem
yields

Jn(X2- fig) —»"£(0,4/tV?2). @)
When = 0, this gives 4nX2 0,0), but more accuracy can be

obtained using instead
nX? Ko ®)

This clearly implies a danger from using (7) when /x is close to but not
equal to zero. No matter how large n is, there is a 4 sufficiently close to
zero for which the approximation (7) is very poor. One can often obtain a
definite improvement in the approximation by taking more terms in the
expansion of the function g into account in the proof of Cramer’s
Theorem.

Suppose that yfn(Xn —/) 0, cr2), and suppose we are interested
in estimating g( /) where g(/l) has a continuous second derivative with
g"(/4) £0. To improve upon the approximation given in Theorem 7, we
expand g(jt) about fi to second-order terms and complete the square in
x —/l:

g(x) - g(n) ~g'(fx)x- )+~y (x- m2

g'itf
9)
Replacing x by Xn, we may conclude that
ni{g(Xn) 1 {A¢{Xn- M)o-+ %)2- Jnl (10)
where
yfng'{ fi)
%
<A"U ) "

The distribution of the square of a normal random variable with mean y
and variance 1 is the noncentral chi-square distribution with 1 degree of
freedom and noncentrality parameter y 2, denoted by ~fCy2). Therefore,
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we may rewrite (10) with the notation

«KHFEC) -S(N)) ——- 82 N IX\{jn) ~ %2]- (11)
When g(jt) = x2, this gives in comparison to (7)

n(x;-»2)~vax?y,2)-y.d (12)

where yn = yfnfx/(2a). When fx = 0, this reduces to (8). For y 2 close to

zero, this provides a big improvement over (7). Even for y 2 large, (12) is

approximately the same as (7), because x\2%2) —Jrn * approximately
4%2) [see Exercise 2(b) of Section 10].

We conclude with a numerical example of the accuracy of these approxi-
mations. The function g(x) =x2 is a little too simple, because the
expansion (9) becomes exact. Instead we take g(x) = exp{x}, and we
suppose that yfn(Xn - fx) is exactly JiO, cr2). To keep things simple, we
take fx=0 and a2= 1 Let Z = Vw(exp{Xn} - exp{/*,})/(o- exp{/x})
= Vn'\(exp{X,,| —1). Under the normal approximation (7), the distribution
of Z is <£(z). From the noncentral x 2 approximation (11), the distribution
of Z is (using yn = yfn)

P(Z <z) ~p((yr(0,1) + yn)2< y,2+ 2\/nz)

= + 2Jnz; —\fn" —X(—/n + l4nz; —i/n]. (13)
The exact distribution of exp{Xn} is lognormal, and

P(Z <z) =P(exp{™0,/n)} <1+ z/{n) = log(l + ).
(14)

In Table 2, we take n = 5 and compare the two approximations with the
exact probabilities.

If Xn is not exactly normal, for example, if it were the mean of a sample
for an exponential distribution, the above approximations can be improved
by considering the Edgeworth Expansion, E2(x), of Table 1 in place of
<£(*) in Table 2.
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Table 2. Normal and noncentral x 2 approximations of the distribution

o0i }fn{g(Xn) —2(0))/g'(0) for a sample of size n = 5 from a
standard normal distribution with g(x) = exp{x).

0>(z) 13) 14)

- 20 0.0228 0.0000 0.0000
-1.8 0.0359 0.0000 0.0001
-1.6 0.0548 0.0000 0.0025
1.4 0.0808 0.0000 0.0139
-1.2 0.1151 0.0000 0.0427
-1.0 0.1587 0.0641 0.0925
-0.8 02119 0.1481 0.1610
-0.6 0.2743 0.2375 0.2424
-0.4 0.3446 0.3285 0.3297
-0.2 0.4207 0.4169 0.4170
0.0 0.5000 0.5000 0.5000
0.2 0.5793 0.5760 0.5760
0.4 0.6554 0.6441 0.6436
0.6 0.7257 0.7040 0.7025
0.8 0.7881 0.7558 0.7530
1.0 0.8413 0.8000 0.7958
12 0.8849 0.8374 0.8316
14 0.9192 0.8686 0.8615
L6 0.9452 0.8944 0.8863
1.8 0.9641 0.9156 0.9067
2.0 0.9772 0.9330 0.9234

EXERCISES

1. Find the asymptotic distribution of log s2.
2. Show that the joint asymptotic distribution Xr and si is

£3.'¢ /X3
g € o

0-2 /x4 - o

3. Find the asymptotic distribution of
(a) sx/X n (the coefficient of variation).
(b) m3= (I/n)Lu(Xj - X))\

4, Let X/,..., Xn be a sample of size n from the beta distribution,
& e(0,1), 6> 0. The method-of-moments estimate of 6 is 6m = Xw/(\
- Xn). Find its asymptotic distribution.
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The Poisson Dispersion Test. A standard test of the hypothesis H0 that a
distribution is Poisson, “(A) for some A is tojeject HO if the ratio of
the sample variance to the sample mean, s2/X n/ is too large. This test
is good against alternatives whose variance is greater than the mean,
such as the negative binomial distribution or any other mixture of
Poisson distributions. _

(a) Find the asymptotic distribution of s1/X n for general distributions.
(b) Find the asymptotic distribution of x|\/X n under H0 and show that

it is independent of A

. Suppose we are interested in estimating the variance, g(p) =p(l —p),

of the Bernoulli distribution with probability p of success, based on a

sample of size n. Let Xn denote the proportion of successes, Xn = X/n,

where X has the binomial distribution, & (n,p| and consider the

estimate g(Xn) = Xm(| - Xn).

(a) Find the asymptotic distribution of g(Xm). What happens when
P=1?

(b) What is the asymptotic expansion (11) for the distribution of g(Xn)l

(c) Take p = 0.6 and »n = 100. Compare the approximations to
P(g(Xn) <y) given by (a) and (b) at the points y = 0.23, 0.24, and
0.25.



The Sample Correlation Coefficient

The last example of Section 6, namely, that
- r)/sn 0,1),

shows that the ¢ test is asymptotically robust or asymptotically distribution-
free within the class of distributions with finite second moments. In
particular, the confidence interval for the mean /4 of a distribution, given
by

~ (Sn/Jn ~ 1K-l;« <M *_ + (/Vn - 1), _,.,,

has approximate probability 1 —2a whatever be the true distribution of
the provided it has a finite variance and n is sufficiently large.

The usual test or confidence interval for the variance of a distribution
when sampling from a normal distribution is based on the statistic (ns2) /a 2
which has a |n-1 distribution. Example 3 of Section 7 shows that this test
is not asymptotically distribution-free. The asymptotic distribution of
(ns2) /a 2 depends on the fourth moment of the true distribution. For the
normal distribution, /4= 3cr4, and so the usual test will be asymptotically
valid for any true distribution with fif = 3crd But we often expect
sampling distributions to have somewhat thicker tails than the normal. For
example, = 6.111... a 4 for the double exponential distribution with
density f(x) —(1/2)e~ %|.

Even worse in this regard is the sample correlation coefficient, r =
sxy/sxsy9 when used for testing hypotheses concerning the correlation
coefficient, p = axy’a xay. The asymptotic distribution of r, when sam-
pling from distributions with finite fourth moments, may be found by the
methods of Section 7.

51
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Theorem 8. Let (XI9Y{), (X2, Y2X *+* be a samplefrom a bivariate distribu-
tion with finite fourth moments, EX4 and EY4. Then,

(a)
rée1 °i2 C(XX9XX) C(XX, XY) C(XX, YY)
S - C(XX, XY) C(XY,XY) C(XY, YY)
| C(XX9YY) C(XY,YY) C(YY,YY)
_Sy _
where

C(XX, XX) = cov((* - »xf, (X - M¥2) =E(* - Myd-{E {X - /tx)2)2
C(XX, XY) =cov((X- N)2(x - It)(y- /%)
= E(X - [iY3K- M) - wfo,, etc.
(b) (nir-p) € 0,y2),

where

C(XX,XX) ~C(XX,YY) C(yr.7F)
B -j- - 2 -f-
a, <%>/ ay

C(XY,AT) C(AT.,yy)  C(XY, XY)
_ - Mé]jf

Outline of Proof. The proof follows the steps of the last example of Section
7. Assume without loss of generality that /ix= \xp = 0. First, use the
Central Limit Theorem to find the joint asymptotic distribution of Mn =
(mx9my, mx9mx9myy)T, where mx= (1/n) EJ Xj9 mxx = (1/n) E? Xf
and mxy = (I/n)IL] XjYj9 etc. Then, apply Cramer’s Theorem to the
function, g(MwW) = (mxx - m¥m,, mxmyImyy - mp)T

Moments of the Bivariate Normal Distribution. To find the value of y 2 for
the bivariate normal distribution, we may assume the means are 0 and the
variances are 1, because y 2 is independent of a change in location and
scale in X or Y. The moments EX3Y9 et cetera, may be found by
integrating, or by taking the appropriate derivatives of the characteristic
function,

<pf,t2) = exp {-(1/2)(f? + 2pt™e2 + tl)),
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and setting (f,, 72) —(0,0). We find
E(X - nx)4= 3ax

E(X- im)\ Y- My)=3p<r>y,

and

E(X- p,) (Y- ip) =+ 2p2)<xdn.

Hence,
y2=(1/4)p2[2 + 2(2p2) + 2] - p[(Bp - p) *2] + (1 + 2p2- p2)
= p2[1 + p2] - 4p2+ 1+ p2= (1 - p2)2,

so that for normal populations,

yfn(r - p) 0,(1 - p2)2).

Robustizing. The usual | 2 test f°r a variance is based on the fact that for
normal distributions (ns2)/a 2 has a x 2-\ distribution. For n large, the
X2\ distribution is approximately JAn —1,2(n —1)). Hence, the confi-
dence intervals for a 2 obtained from this test are asymptotically those
obtained from

ns2cr2- (n —1) {n

0,1).

A2(« - 1) 7T
If the population is not normal, we should be using, as seen at the end of
Section 7,

Jn\sl/a2~1] S’

0, 1.

\Vp,4o0-4- 1
Because ja4 is not known, this statistic cannot be used directly. However, it
may be robustized by replacing the coefficient of kurtosis, /32 = i4/<r4, by
an estimate, b2 = m4/s4, the sample coefficient of kurtosis. The confi-
dence interval resulting from
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may be written

<a* <

1+ _ ; 1 - "
< UK/i \fir /2
The usual confidence interval based on the | 2 distribution may be
obtained from this, approximately for large /z by replacing b2 by the
coefficient of kurtosis for the normal distribution, namely, /32 = 3.

One may similarly robustize tests and confidence intervals for p by
replacing the moments in y 2 by their sample estimates to obtain y 2 and
using }fn(r - p)/y — 1). However, these procedures must be used
with caution; estimates of fourth and cross-second moments have large
standard error.

Variance-stabilizing Transformations. For normal populations, yfn(r -

P) (1 - p2)2). We seek a transformation, g(r), such that /fn(g(r)
—g(p)) —*Ji.0,1). Such a transformation is called variance-stabilizing.
From Cramer’s Theorem [fn(g(r) - g(p)) 0,g(p)2A1 —p2)2), so we

must solve the differential equation

g(P)X1l - P2)2=1 or g(p) = 1/(1 - P2)-
The solution is known as Fisher’s transformation:

1 1/21/2 1 1+ p

. . + = . [
s(p) =jr —idp=/ 4 v, 4P= logy

also known as tanh 1 p. Therefore,

i [+ r 1 1+ P &
2'tog-,

EXERCISES

1. Find the asymptotic distribution of the estimate of the regression
coefficient, ft = sxp/s\, when sampling from a bivariate distribution.
What is its asymptotic variance when sampling from a bivariate normal
distribution?

2. Find an asymptotically robustized version of the confidence intervals

for axy.
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3. Find variance-stabilizing transformations for X» when sampling from
(a)the Poisson distribution, "~(A), (b) the Bernoulli distribution,

4. The usual F test for the equality of variances of two independent
normal populations is based on the ratio of the two sample variances,
s1/s2 Show that this test is not asymptotically distribution-free within
the class of distributions with finite fourth moments, by finding the
asymptotic distribution of {n(s2/s2—cr2/cr2) within this class. Sup-
pose both samples are of size n.



Pearson’s Chi-Square

In this section we derive the asymptotic distribution of the Pearson x 2
statistic as another application of the theorems of Slutsky. We first present
three general lemmas relating quadratic forms in normal or asymptotically
normal variables to the chi-square distribution. After describing multino-
mial experiments and the Pearson x 2 statistic for testing a simple null
hypothesis, we present two derivations of the asymptotic distribution of
Pearson’s x 2 under the null hypothesis. The first, contained in the proof
of Theorem 9, is based on the matrix theory notions of rank and projec-
tion. The second uses the fact that Pearson’s x 2 Is just a version of
Hotelling’s T2 and is postponed to the exercises (Exercise 3). We also
mention two important variations of Pearson’s * 2, one based on transfor-
mations (Hellinger’s x 2) and the other based on the principle of modifica-
tion (Neyman’s x 2 °f Exercise 1).

Recall that the x 2 distribution with d degrees of freedom, denoted by
Xd, is defined as the distribution of Xr X, where X is d-dimensional with
X Gyf(0,1) [the sum of squares of d independent j KO0, 1)’s].

Lemma 1. If X X) with X nonsingular, then
Z=(X-n)rS-'(X-p)

Proof,;: Let Y = X~1/2(X - jjn). Then Ye”*O,)and Z =YrY. =

Lemma 2. If X1?X2,... arei.i.d. with mean |x and nonsingular covariance
matrix X, then

T2=(n - 1)(X,, - tt)rS,~(X,, - n) £ x!/
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where S,, is the sample covariance matrix,

S, = (I/n)E(X,.-X)(X,.-X)r
1

Proof. By the Central Limit Theorem, [fn(Xn —ijji) » Y X), and
by the Weak Law of Large Numbers and Slutsky’s Theorem SM—2.
Hence by Slutsky, 72 Y7TX'lY g x 2

Note: T2 is known as Hotelling's T2 1t is known that if XP?X2,..., X,
is a sample from “tjx, X) with X nonsingular, then ((n —d)/(n —1)d)T2
has an exact Fifn_d distribution.

The characteristic function of the x!/ distribution is ¢p@) = (1 —
2ityd'2.

A square matrix X is a projection if 22= X. (Ify = Xx, then y is the
projection of x onto the range space of X. Further application of X toy
does not change it: Xy = X2x = Xx =y.) If in addition X is symmetric,
the projection is perpendicular onto its range. [That is, y = Xx is perpen-
dicular to x - y= (I - Xx: (Xx)T(J - X)x =xTXT(l - X)x =xT(X2 -
X)x = 0.]

Lemma 3. Let X 0,X). Then XrX e " if and only if X is a
projection of rank r.

Proof. Since X is symmetric, there exists an orthogonal matrix Q (QrQ = 1)
such that D = Q2Qr isa diagonal matrix. Then,

X2= X and X has rank r
<>D2= D and D has rank r
<>r of the diagonal elements of D are 1and the rest 0.
Let Y= QX. Then Y gJ(0,D) and YrY = XrQrQX = XrX If dj de-
notes the yth diagonal element of D, the characteristic function of YrY =

EyY2isn [1 - 2idjt)~{/2, which is equal to the characteristic function of
X2, (1 - 2it)~r/2, if and only if r of the dj are 1 and the rest are 0. m

Note: The dj are the eigenvalues of X. For any symmetric projec-
tion, X,
rank (2 ) = trace (2),

because both are equal to the sum of the eigenvalues.
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Multinomial Experiments. Consider n independent trials, each resulting in
one of ¢ possible outcomes or cells and each trial having the same
probability Pj > o of resulting in outcome j for7 = 1,..., ¢. Let n} denote
the number of trials that result in outcome j for j = 1,...,c, so that
E nj = n. Pearson’s | 2 is defined to be

2=y (obs - exp)2 = c (itj - npj)2
X cells eXP 1 nPj

To find the asymptotic distribution of this statistic as n -> @, we use the
following vector notation. Let e; denote the jth unit vector in ¢ dimen-
sions (1 in the yth coordinate, 0’ elsewhere), and define the random
vector X; to be e; if the /th trial resulted in outcome j. Then Xv ..., Xn
are i.i.d. with mean vector EX = p and covariance matrix 2 = cov(X),
where

Pi(l1 ~Pi) PiPi -PlPc
~P\Pi P20 -P»2) -P2Pc
P= and 2 =
Pc
PlPc ~PIPc

and Pearson’s x I may be written

where

Note that 2 = P —pp7.

Theorem 9
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Proof. From the Central Limit Theorem, /n (X ,,-p)*Y e/(0,S).
Hence, from Slutsky’s Theorem

=~X,-p)V'* X, -p ~ YTP-'Y.

To show that YrP 1Y e x2” let z = p~l/2Y>so that z7z = YTP *Y
and Z ¢"KO, P~12D P '1/2). To show that the covariance matrix of Z is a

projection, replace X by P - ppr to find that p _1/2XP"12 =1 -
P«1/2pprP",/2. It is easy to check that this is a projection and has trace,
and hence rank, ¢ — 1, using the fact that trace(AB) = trace(BA). =

Transformed x 2- We may extend Theorem 9 by combining it with Cramer’s
Theorem. We consider differentiable transformations of the form g(x) =
(gi(*1),..., gaxg)T, such that the jth component of the transformation is
a function only of the yth component of x. As a consequence, the gradient
g(x) is a diagonal matrix with the derivatives ..., g¢(xc¢) down the
diagonal. As in the proof of Cramer’s Theorem, [fn(g(Xw - g(p)) is
asymptotically equivalent to yfig(p)(X,, - p), so that in Pearson’s x 2>we
may replace }fn(Xn —p) by yng(p)~1(g(X,,) - g(p)) and obtain the trans-
formed x 2>

x2=ws(x« - g(p)Tg(p)"'p~1g (pri(g(x,) - g(p))

(gy("y/») -8J(PJ))2 # 2
~nIJ4 Xc-1'

i Pjgj (P])

Example. Although the variance-stabilizing transformation for the bino-

mial distribution is the arcsin function (Exercise 3 of Section 8), the

transformation that makes the denominator in Pearson’s x 2 a constant is

the square-root function. We are led to investigate the transformed x 2

with g(x) = (y"7, ..., yAT)r. The transformed * 2, with gj(pj) —0.5/
becomes

xl—4n£ (y/nyn ft_])

This is known as the Hettinger x 2 because of its relation to Hellinger
distance. [The Hellinger distance between two densities, f(x) and g(x) is

d(f, g) where d(f, g)2= j(y/f{x) - y/g(x) )2dx.]
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EXERCISES

1. Modified x 2- Pearson’s x 2 may be modified by replacing the expected
number of observations in the denominator by the observed number.
The resulting x 2 is known as Neyman} x 2, Xn-

2 v (°bs ~ exP)2  ~ (nj - nP)2
Xn Ind t
cells °~S 1 nj

Show that Xa X2ie
2. Let X I), P symmetric. Show that XrPX ¢ *r <P is a projec-

tion of rank r.

3. Alternate Proofof Theorem 9. Define the (¢ - I)-vector Y, to be X/ with
the last component deleted, let q denote p with the last component
deleted, and let <> denote X with the last row and column deleted.
Show the identity

Pearson’s | 2= n(yn~ <)7® "1(YN - q)*

Thus, Pearson’s | 2 is just a version of Hotelling’s 72, and we may
conclude Theorem 9 directly from Lemma 2. (Let Q denote P with the
last row and column deleted. Show <= Q - qqr and 1 = Q-1 +
1 *17pc, where 1 denotes the (¢ - I)-vector of all 1°%s.)

4. What is the transformed | 2 f°r the transformation that replaces each
cell frequency by its logarithm? What is the modified transformed | 2
for this transformation?
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Asymptotic Power of the Pearson
Chi-Square Test

It is important to be able to judge the sensitivity of the x 2 test
distinguishing the null hypothesis from nearby alternatives. We would like
to find the probabilities of rejecting the null hypothesis when some
relevant alternatives are true; that is, we would like to find the power
function of the test. In this section, we find an asymptotic approximation
to the power function based on the noncentra] x 2 distribution. In addition
to allowing us to measure the sensitivity of the test, this approximation
helps solve the important problem of finding the sample size required to
obtain a fixed power at a fixed alternative for a given level of significance.
The Fix Tables (Table 3) for noncentral x 2 are *h a convenient form for
solving this problem for levels 0.05 and 0.01.

Consider a multinomial experiment consisting of n independent trials
with ¢ possible outcomes having probabilities P1,--, P Cas in Section 9.
Let Pi,.--,Pc be a given set of probabilities with pf> o for all j and
with illpj = 1, and consider testing HO: pj = pf for j = 1,...,c. The
goodness-of-fit test based on Pearson’s x 2 rejects HO if

2=V (°bs~eXP)2=y (n)~nP?f
X cells eXP 1 "Pj

is too large, where denotes the number of trials that resulted in
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Table 3. Fix Tables of Noncentral | 2 The quantity tabled is that value of the

parameter Athat satisfies the equation
@
-(A/2) ym Xk f x/+2%-1 -(1/2)x2] = O

MEI2NfrNr(f/2 +k)JXfMX ** P2
where / = number of degrees of freedom and Ay(a) is such that

xf~le~{{/)x2dx= a
2M - (f72) I Xf (@

a = 0.05
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1 0.426 1.242 2.058 2911 3.841 4.899 6.172 7.849  10.509
2 0.624 1731 2.776 3.832 4.957 6.213 7.702 9.635  12.655
3 0.779  2.096 3.302 4.501 5.761 7.154 8.792 10903 14.172
4 0910 2401 3.737 5.050 6.420 7.924 9.683 11935 15.405
5 1.026 2.667 4.117 5.529 6.991 8591 10453 12828 16.470
6 1131 2907 4.458 5957 7.503 9.187 11.141 13.624 17.419
7 1.228 3.128 4.770  6.349 7.971 9.732  11.768 14350 18.284
8 1319 3333 5.059 6.713 8405 10236 12349  15.022  19.083
9 1404 3525 5331 7.053 8.811 10.708 12.892 15.650 19.829
10 1485 3.707 5588 7.375 9.194 11.153  13.404 16.241  20.532
" 1.562 3.880 5.831 7.680 9.557 11.575 13.890 16.802 21.198
12 1636 4.045 6.064 7971 9.903 11.977 14353 17.336 21.833
13 1.707 4204 6.287 8.250 10.235 12.362 14.796 17.847 22.440
14 1.775 4357 6.502 8519 10554 12.733 15221 18.338  23.022
15 1.840 4501 6.709 8.777 10.862 13.090 15.631 18.811 23.583
16 1904 4.646 6.909 9.027 11.159 13435 16.027 19.268 24.125
17 1.966 4.784 7.103 9.269 11.447 13.768 16411 19.710 24.650
18 2.026 4918 7291 9505 11.726  14.092 16.783  20.139  25.158
19 2.085 5.049 7.474 9.734 11998 14.407 17.144 20.556 25.652
20 2.142 5176 7.653 9.956 12.262 14.714 17.496 20.961  26.132
= 0.01
/ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1 1.674 3.007 4.208 5.394 6.635 8.004 9.611 11.680 14.879
2 2299 3941 5372  6.758 8.190 9.752 11.567 13.881 17.427
3 2.763 4.624 6.218 7.745 9311  11.008 12970 15458  19.248
4 3.149 5.188 6914 8557 10231 12.039 14.121 16.749  20.737
5 3488 5.682 7.523 9.265 11.033 12936 15.120 17.871  22.033
6 3.794 6.126 8.069 9.899 11.751 13.738 16.014 18.873 23.187
7 4.075 6.534 8.569 10.480 12.408 14.473 16.831 19.788  24.238
8 4337 6912 9.033 11.019 13.017 15153 17.589 20.636 25.211
9 4583 7.267 9.469 11.524 13.588 15.790 18297 21.429 26.122
10 4.816 7.603 9.880 12.000 14.126 16391  18.965 22.177 26.981
1 5.038 7.922 10271 12453 14.638 16961 19.599 22.887 27.797
12 5250 8.227 10.644 12.885 15.126 17505 20.204 23.563 28.575
13 5453 8520 11.002 13.299 15.594 18.027 20.784 24.211 29.319
14 5.649 8.801 11.346 13.698 16.043 18528 21.341 24.833 30.034
15 5.838 9.072 11.678 14.082 16476 19.011 21.878 25433  30.722
16 6.021  9.335 11.999 14454 16.895 19478 22396 26.013 31.387
17 6.198 9590 12.310 14814 17301 19.930 22.898 26.574 32.031
18 6371  9.837 12.612 15.163 17.695 20.369 23.385 27.118 32.655
19 6.539 10.078 12.906 15502 18.078 20.796 23.859  27.647 33.262
20 6.702 10.312 13.192 15.833 18451 21.211 24320 28.162 33.852



Asymptotic Power of the Pearson Chi-Square Test 63

outcome j. Under HO, this statistic has approximately a \c-| distribution
when n is large.

If some alternative p = (p{..., pc) £(/??,...,p°) = p° is the true
value of the parameter, then the probability of rejecting //0, using this test
with a fixed size a, tends to 1 as « -> oo To obtain an approximation to
the power, we fix p and consider a sequence of null hypotheses, say Hi(n):
p = p® where p® = (/*,..., /?c)r is a fixed sequence of values converg-
ing to p at rate 1/ Jfm, say plJ = p - (1/ i"T)& for some fixed vector
8 = (SI5..., 8¢t. Note that because both p and pj| are probability vectors,
we have £*St = 0. We show that the limiting distribution of the above x 2
statistic is a noncentral x 2 distribution with ¢ —1 degrees of freedom and
noncentrality parameter

W-

The noncentral x 2 distribution with d degrees offreedom and noncentral-
ity parameter A= 878, denoted by x%(A), is defined as the distribution of
Z = X7X, where X e¢*/f(8,]) is a rf-dimensional vector. (It should be first
noted that this distribution depends on 8 only through A= 8r8.) We
need the following generalization of the important half of Lemma 3 of
Section 9.

Lemma. Suppose X 8,2). If X is a projection of rank r, and 28 =
8, then XTX ¢ *12(8T8).

Proof. Find Q orthogonal such that D = Q2Q 7 is diagonal. Then D is a
projection of rank r, so that r of the diagonal elements of D are ones and
the rest zeros. Assume that Q has been chosen so that the first r diagonal
elements of D are 1’s. Let Y = QX. Then Y g~ Q 8,D)and YrY = XrX
and DQ8 =Q2QrQ8 = Q28 = Q8. The ¥ are independent normal
with variance 1 forj = 1,..., r and variance 0 forj = r + 1,..., d. Since
Q8 = DQS8, the last d - r components of EY are zero; thus, ¥r+l,...,¥Yn
are identically zero, so that Y7Y = Yj2 + e +¥r2 Moreover, the sum of
squares of the means on the first » components is then (Q8)r(Q8) =
87QrQ8 = 878. Thus, Y7Y ¢ ~2(878). =m

The converse to this lemma can be proved, as for Lemma 3, Section 9,
using characteristic functions.
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Theorem 10. Let p be the vector of true cell probabilities, and let 8 =
P ~ P°X Then

nJ
where A= E] &j/Pj-
Remark. There is a simple, easily remembered principle embodied here,
namely that the noncentrality parameter may be found by replacing the

observed frequencies, rij/n, in Pearson’s x 2 by the expected values, p..

Proof. As in the proof of Theorem 9, let

r ‘i Pi 0 [ 0 "
Pi
o pi [
, PpP= ; 2 =P- PPr,
Pc
0 0 Pc.
o Pnl 0 0
Pnl o o
0o = i - Pnl
Fic o o %)c
and
/ij/n
X” =
non

Then, V*Xn- p°) ="(X, - p)+8~* YerKS,2) and P° > P.
Hence from Slutsky’s Theorem,

X2= VA(X, - p)7p,°-1" (X, - p°) YP Y.
Let Z = P~12Y. Then ZrZ = YrP-1Y and

Zg™(P-128,P"1/22P “1/2) =J\P-1/28,1 - P '1.2pprP~,/2).



Asymptotic Power of the Pearson Chi-Square Test 65

As in Theorem 9, I —P 1/2pprP 1/2 is a projection of rank ¢ —1. In
addition, (I - P“,/2pprp-,/2)P“>28 = P 1/28 - P 1/2pprP !8 =
P_1/28, since prP-18 = E* = 0. Therefore, the theorem follows from
the lemma. m

Example. A die is tossed 300 times. Let //0 denote the hypothesis that all
faces are equally likely, HO: /?, = £,/ = 1,..., 6. To test //0, the x 2 test
would reject HO if * 2= E? («y- 50)250 were too large, where /iy is the
number of times that face j turned up. At the 5% level, we reject HO if
X2> 11.07, and at the 1% level, we reject HO if x 2> 15.09. What is the
approximate power at the alternative px=p2= 0.13, p3=p4=0.17,
Ps = Pe = 0-20?7 We compute the noncentrality parameter, A= E" &Pj
or A° = E" 82pf- (They are asymptotically equivalent.) Since 8 = yfn(p
- p°), we have A° - E?n(Pj - pf)2pf, and

n(p, -P2)2 n(p2-pl)2 30000.13 - j)2

p° 124 ?

»(P3-/>3°)2 = n(p* -Pa)2 =
Pi Pa

n{Ps-P°s)?2 n(p6-p 0f A
P Ps

Hence, A«2.42 + 242 + 0.02 + 0.02 + 2.00 + 2.00 = 8.88. From the Fix
Tables (Table 3) of noncentral * 2, we find power approximately 0.61 at
the 5% level, and power approximately 0.38 at the 1% level.

Approximately how large a sample size is needed to obtain power 0.90
at this alternative when testing at the 5% level? We must increase n so
that A= 16.470. Solving (n/300) 8.88 = 16.470, we find n approximately
556.

EXERCISES

1. In a multinomial experiment with sample size 100 and 3 cells with null
hypothesis HO: px= p2= p3=  what is the approximate power
at the alternative px= 0.2, p2= 0.6, p 3= 0.2 when the level of signifi-
cance is a = 0.05? a = 0.01? How large a sample size is needed to
achieve power 0.9 at this alternative when a = 0.05? a = 0.01?
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. (@) Show ~(A) has mean r + Aand variance 2r + 4A

(b) Show [*"(A) —(r + A))/ J/2r + 4A 0,1) as max(r, A) -* oo.

(¢c) Assuming (b), compare the value of A given in the Fix Table for
a = 0.05 and /3= 0.5 and r = 20, with the asymptotic value.

. Show that the transformed | 2 has the same (first-order) power as

Pearson’s x 2; that is, show

2 £ (gj(ni/n) ~ gj{Pni)f X 2 /\\
1 PnMPnj)
as n > coywhere A= T%82/Pj.



Special Topics



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

11

Stationary m-Dependent Sequences

In this section we prove a theorem that allows us to show asymptotic
normality for sums of random variables for certain statistical problems
with a limited amount of dependence between the variables. A sequence
of random variables, ¥/9¥29...9 is said to be m-dependent if for every
integer, s > 1, the sets of random variables (Y09..., ¥} and

1>*n+5+2> ¢) are independent. (For m = 0, this is equivalent to
independence of the sequence.)

A sequence of random variables YI9Y29... is said to be (strict sense)
stationary if for any positive integers s and #9the joint distribution of the
vector (¥9..., 1"+]) does not depend on # In other words, a sequence is
stationary if the distribution of a sequence of any s consecutive observa-
tions does not depend on the time one starts observing.

We are interested in the asymptotic distribution of Sn = ¥t for a
stationary, m-dependent sequence of random variables v,, ¥2,... . Such a
sequence arises in time-series analysis, for example, in computing the
asymptotic distribution of the autoproduct moment at lag m 9 which is
defined for a sequence of random variables, X19X2,-.. as Swn =
(1/ri) Y2i=iXiXi+m. If the Xf are assumed to be i.i.d., then the sequence,
¥ = XiXi+m forms a stationary m-dependent sequence.

Let the mean of the ¥ be denoted by fcv= EY¥t the variance by
000 = vaKF,), and the covariances by a @ = cav(Yt9Yt+i). These quantities
are independent of ¢ due to the stationarity assumption. Also,tr(y = 0 for
1> m from m-dependence. The mean and variance of Sn are easily found
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to be ESn= n/x, and for n > m

n n
var(5J- E E cav(Yi9%Y))
= azxtqo + 2(/i - D<ra + 2(/i - 2)cr@ + —+2(n - rn)<rOm.
O

We have var(Sn)/n a 2, where

oM~ o+ 2c0 b2a@+ +2<0m )

For large  the distribution of Sw/n is approximately normal with mean
/x and variance a ¥ n, as in the following theorem. For an extension to a
special stationary sequence without the assumption of m-dependence, see
Exercise 7.

Theorem 11. Let F12Y2,..., be a stationary m-dependent sequence with
finite variance and let Sn = YW Then
(5n-£5,,)/(var(5,,)),/2 0,1),

or, equivalently,
]/n(S,,/n - fi) a2,

where (i = EY{, and a 2 is given by (2).

Before presenting the proof, we give a useful lemma. First note that we
may assume without loss of generality that /z = 0, because we can work
equally well with ¥} —/z. The method of proof involves splitting the sum
Sn into two parts, one a sum of independent terms to which the Central
Limit Theorem may be applied, and the other a hopefully negligible
dependent part. Take n very large and break S» into s pieces of length
k + m, where kK > m. Write n = s(k + m) + r, where r is the remainder,
O0<r<k+m. Let Sn= Sn+ Sh+ Rn, where

r

s;=Evkj, 5: = E wkj, and Rn= I 1Y k+m),i
i=1
where

and W= E "(*tm)t«-

i=k+1
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Then the V¥, forj —1,..., s, are i.i.d. random variables with distribution
depending on k. For k fixed and s large, Si has an approximate normal
distribution with mean 0 and variance var(,Sp = s var(5*). The theorem
would follow if the other terms are negligible and we could take the limit
first as « mand then k -» oo This requires that the piece involving Sn
be negligible uniformly in n as k -> oo. For this purpose the following
lemma is used.

Lemma. Suppose Tn = Znk 4 Xnk forn = 1,2,... and k = 1,2,... . If

(1) Xnk i>O uniformly in n as k > o
(2) Z,k—>Zk as n -> oo for each k, and
(3) Zk  Z & s k—*oo, then

Tn —Z as n -> 0.
Prog/l Let e > 0 and let z e C(FZ), the continuity set of Fz. Find 8 > 0

such that P(1\Z —z| < 8) < e and such that z + 8 and z —8 are in the
continuity sets C(FZ) and C(FZk) for all From condition (1), we may

find K such that P(\Xnk\ > 8) < e for all k> K and all n. From
condition (3), we may find K’ > K such that for £ > K\ \P(Zk<z 4 8)
- P(Z<z+5) <eand |P(Zk<z - 8) - P(Z <z —8)| > e Now fix
k> K'

P(Tn<1z) = P(Znk & Xnk < z)
<P(Znk<z+ S) + P(\Xnk\ > S)
ANP(znk<2+ 5) + e.
Now apply condition (2):

lim sup P(Th<z) s P(Zk<z + 8) + e

n
<P(Z <z 45) 4 2e
<P(Z <z) 4 3e.

Similarly,

P(Th<z) =P(Znk+Xnk<z)
>P(Znk <z - 8) - P(\Xnkl > 8)

>P(Zuk<z- 8) - e,
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and
lim infP(Thn<z) >P(Zk<z- 8) - s
n

>P(Z <z —8) —2s
> P(Z <z) —3e.

Since this holds for all e > 0, we must have limwP(Tn < z) = P(Z < z).

Proof of Theorem 11. We let Tn= Sw }fn, Znk = (S'n+ Rn)/ {n , and
Xnk = Sn/ so “at

S, 51 + R. s
n yfc ft ft
and we check the conditions of the lemma. First note from the Central
Limit Theorem that for fixed k, Sw4s ~JXO0,vair(Sk)). Then, since
s/n->k9 we have Sw {n = ({s/ yfm)S'w yfs ~Ko,var(Sk)/k). The
term Rw/ 4n has mean O and variance var(Sr)/mn. Now all covariances
are bounded by the wvariance, [cr0;| < a [var(lp = a0 for all ¢
and the correlation is bounded by 1], so var(7?W }n) < rkm/n <
(k+ m)am/n -» 0 for fixed k. Thus Rw yfii 0, and hence Znk
has the same limit law as Sw {n, namely, Znk —Zk g" O , var(Sk)/k).
Thus condition (2) is satisfied. Moreover, since var(Sk)/k -> cr2 as k ->
we have Zk Z ¢ O, a 2), and condition (3) is satisfied.
To check condition (1), we note that var(Xnmk) = s var(Sm)/n <
var(Sm)/k, independent of n, and by Chebyshev’s inequality, P(\Xnjl > 8)
< var(Xnk)/82 < var(Sm)/(k82) -> 0 as k ->  uniformly in [

Application to the mth product moment. As an application, let us find the
asymptotic distribution of Sr= E’1 XiXi+m, for an iid. sequence
X0, aTj, -*« W*h tnean fx and variance t 2. Then, Y) = XiXi*m forms
an ra-dependent stationary sequence so that the theorem applies. The
mean of the ¥ is EXiXi+m - ;2 and the covariances are

a@ —cov(X0Xm, XjXJ+m) —EXqXmXjXj+m 4

°

00 = (r2 + A2)2- Ix4= t4+ 2tV ,
rom= A2(t2+ p?) - P4=1V,
My = 0, forj # 0, j =£m.
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Hence by the theorem, //n(S,,/n —fj?) cr2), where

0-2= COoo+ 200m=T4+ 4tV -
EXERCISES

1. Success runs. Consider a sequence of i.i.d. Bernoulli random variables
X0, Xx ..., with probability p of success, P(X = 1)=1- P(X = 0)
= /2. Forj > 1, we say a run of successes begins at j if X} = 1 and

, = 0. Let ¥jw= (1 - denote the indicator of the event that
a run starts at j. Then Sn= Kj + = + Ywdenotes the number of runs
of successes in the first n trials. We are interested in the asymptotic
distribution of the number of success runs, and to simplify the algebra
we have omitted the run, if any, that begins at the zeroth trial, because
that will not affect the asymptotic distribution. Find the mean and
variance of Sn. What is its asymptotic distribution?

2. Runs oflength r. In a sequence of i.i.d. Bernoulli trials, X0, Xx X2, ...
with probability p of success, a run of length r is a string of r
consecutive 1’s preceded and followed by zeros. Let Zy denote the
product Zy=(1 - Xj X} - X}Lr x\ - Xj+tr). Then Sn=Zx+
ee +Zn represents the number of runs of length r in the sequence
X0, ..., Xntr. Note that the Zy form an m-dependent stationary se-
quence (for what ml). Find the asymptotic distribution of Sn.

3. Badminton scoring. Let X0,X x... be a sequence of i.i.d. Bernoulli
trials with probability p of success. Your side scores a point each time
you have a success that follows a success. Let Sn = , Xt _, Xt denote
the number of points your side scores by time n Find the asymptotic
distribution of Sn.

4. Autocovariance. Let X §, X2, .. be i.id. random variables with mean ;;
and variance r 2. (a) Find the joint asymptotic distribution of Xn =
(1/«)Eti an4.Zn = (I/n)L?={ XiXi+x (Hint: Find the asymptotic
distribution of aXn + bZn for all a and b, and apply Exercise 2 from
Section 3.) (b) Find the asymptotic distribution of the autocovariance,

-xl

5. Runs of increasing values. Let X0, Xx X2,... be ii.d. random variables
from a continuous distribution, F(x). Let Zy be one if there is a
relative minimum at /, ad zero otherwise; that is, Z; = I{Xj x> Xj <
Xj+x) Then Sn= £y=1 Zy represents the number of relative minima in
the sequence X0, Xx ..., Xnt,. It is also within one of the number of
runs of increasing values in X0, Xx ..., Xn+,, because, except for the
possible run starting at zero, a run of increasing values begins at j if
and only if Z- = 1. S»n may be used as a statistic for testing the null
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hypothesis of randomness of a sequence. Find the asymptotic distribu-
tion of Sn.

. Autocorrelation. Let XxX2,... be a sequence of i.i.d. random vari-

ables with finite fourth moment. Let us define the autocorrelation of
lag 1 based on the first » + 1 observations to be

(1) £x,X,H-X1
i=1

(i/«) £ xf - x1

=1

Assume the mean of the distribution of the Xj is zero. (The limiting
distribution of rn does not depend on this assumption.)

(a) Let Z, = (X,, Xf, XtXI+)T and show i/NZ,, - |i) 2),
where
\
' 0 ' \Y% /*3 o
A= o2 and 2 = a3 fi4d- a-4 O
‘ o o o 04
(b) Show y‘;}t‘ m 1). It is interesting to compare this robustness of

the autocorrelation with the drastic nonrobustness of the correla-
tion coefficient found in Section 8.
Let ... %X_19X0,X19... be a sequence of unobservable i.i.d. random
variables with mean £ and variance t 2, and let ..., z_,, z0,z19... be a
sequence of real numbers such that E~kyl < °. The observations are
Yt= E/JU ZjXtj for ¢t = 0,1,2,... . Although not m-dependent for
any finite m 9they form a stationary sequence with mean /i, = E¥Yt —
£ E/T-oo  and covariances
+@®
<0, = cov(yo,1") = r2 £ ZjZt+j.
=00

Let S, = E-., y(.
Show that [fn(S,/n - pi) -S./Ko0, <r2), where

(1]

02 =dmw+2 E sor
[Hint: The truncated version of ¥, Y,k = T.m&k is a (2A)-
dependent stationary sequence to which Theorem 11 applies. Let
Sk = E"=1 Y'(,> show that Sn —S"k) 0 uniformly in n as k -*
and use the lemma of this section.]
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Some Rank Statistics

Let RNLRN2,..., denote a random permutation of the integers 1
through N, with each of the NI permutations being equally likely. In this
section, we investigate the asymptotic distributions of sums of functions of
the form

N
SN= £ zNaN(RN), (1)

where zNU..., zNV and aMN1),..., aN(N) are given sets of numbers. To
simplify the notation, we will usually drop the subscript N for z, 4, and R,
and so write

("

For most of the discussion to follow, N is fixed and no confusion will
result. When we let N tend to infinity, we will remind you that the
distribution of R depends on N and that z and a may depend on M.

Note that the distribution of SNV in (1) is unchanged if we reorder all
subscripts. Thus, we may assume without loss of generality that the a(j)
(or the Z or both) are arranged in increasing order. Similarly, the
distribution of SN is unchanged if we interchange a(j) and z;, because we
may write SN = ia(j)zR? where /7' is the inverse permutation of Rf,
that is, Rj = i iff R\ =j. From this, we expect the conditions for asymp-
totic normality of SN to be symmetric in z and a.

75



76 A Course in Large Sample Theory

Example 1. Sampling. Suppose that a random sample of fixed size n > 1
is drawn from a population of values {z,,..., N} without replacement. If
SN denotes the sum of the sampled values, then SN may be written in the
form (1), where

/1, for 1<j<n,
\ o, for n+ 1 <j<N. n

This is equivalent to including Z in the sample if in a random permuta-
tion, jRj, R2,..., Rn, of 1,..., N, we have Rj < n. We may use SNVNn to
estimate the population mean, or NSNn to estimate the population total.

Example 2. The Two-Sample Randomization t-Test. In the two-sample
problem of comparing treatment and control, a set of N experimental

units is given and a set of size m < N is chosen at random, all |~ j

choices being equally likely. Members of this set of size m receive the
experimental treatment and the remaining n = N - m units serve as
controls. Let X/,...,Xm denote the outcomes of the treatment group,
and let ¥I9...9¥n denote the outcomes of the control group. The usual
test of the hypothesis of no treatment effect is based on the statistic
Xm - Y n divided by some estimate of its variance. The randomization test
is done conditionally on the values of the observations and is based only
on the randomization done by the statistician. If the values of X { ..., Xm,
Yl,...,Yn are denoted by z19..., zN, then by virtue of the randomization,
each of the subsets of size m is equally like to be X 19..., Xm. The statistic
Xm —Y¥, may then be written in the form (1) if we define

[ l/m, for 1<j<m,
al]) 1-1/», for m+I<j<N.

Example 3. The Rank-Sum Test. The Wilcoxon rank-sum test is similar to
the randomization ¢ test, but the actual values of the observations are
replaced by their ranks in the ranking of all ¥ = m + n observations.
Instead of using the difference of the mean ranks, it is customary to use
the sum of the ranks of the treatment observations. The rank-sum statistic
under the hypothesis of no treatment effect may be written in the form (1),
where
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Example 4. Randomization Test against Trend. When observations
X{...,XN are taken sequentially, one is often interested in testing
randomness against a tendency of the observations to increase (or de-
crease) in time. A simple test statistic for use in this problem is based on
the product moment of the observations with time, SN= Ejl, jXj. As the
null hypothesis in the randomization model, it is assumed that the obser-
vations are put in random order, all TV orderings being equally likely. This
leads to a statistic of the form (1), where the z; are the values of the
observations in some order, and a(j) =j.

Example 5. Spearman's Rho. Another nonparametric model for testing
against trend arises if, in the randomization test against trend, the obser-
vations are replaced by their ranks. The resulting statistic is SV = Ey=l jRj,
where Rj is the rank of the yth observation. This is related to Spearman’s
rank correlation coefficient, pN, which is defined as the correlation coeffi-
cient between the time of observation and the rank. Because both have
mean (N + 1)/2 and variance (N2- 1)/12, the correlation coefficient
may be written pN= 12[(VA™EWJ jRj - ((N + 1)/2)2]/(N2- 1). This
statistic and Kendall’s r (see Exercise 7 of Section 5) are competitors used
for measuring the agreement of two rankings of N objects.

Example 6. The Hypergeometric Distribution. 1f

for 1<j<m,
for m + 1<7 <N, )
and
for 1<j <n,

for n+ 1<j <N,
then the statistic (1) has a hypergeometric distribution, <%in, m, N).

Asymptotic Normality. The remarkably simple theorem, presented below,
giving conditions under which the statistic (1) is asymptotically normal,
stems from the work of Wald and Wolfowitz (1944), Noether (1949) and
Hoeffding (1952). Our treatment follows the method of Hajek (1961),
which gives the result as an application of the Lindenberg-Feller Theo-
rem. See the book of Hajek and Sidak (1967) for a fuller account and for
generalizations.
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First we compute the mean and variance of the statistic Sn given in (1).

Note that the means and variances of the a(Rj) are

Ea(Rj) = i\/N) £ a(i) = aN
=1

and

var(a(Rj)) = (1/N) £ (a(i) - aNf = aa,
i= 1

independent of j. We use zN= (1/./V) ! Zj to denote the mean of the
zy, and a2 = (I/A1)E# 1(zy- zN)2 to denote the variance.

Lemma 1. ESjy = Ngpjttjy, cifid

N2 s s
varS" = » ~ [ (F@F [ (6)
Proof.
N N
ESn = ¢ ZjEa(Rj) = Y,ZjaN=NzNaN.
y-i y—

Note that cov(a(/?J)), a(Rk)) for y & is independent of y and A. Since
P(R{=1/,[22=j) = I/(N(N - 1)) for all i #y, we have

cov(a(/?!),fl(*2)) = [YL LW O -s*)(«(;) -«w)

m“N(N-1),5Wo “ SnI
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From this, the variance of SNV is

N
E z? var a(
1 I
N
= T.zJ-
7=1 }*k
=7 Dpfeee(Hz) F oyl g3
N2 F)

To prove the asymptotic normality of SN, we find a related sum SN of
independent random variables to which the Central Limit Theorem ap-
plies and show that the normalized versions of the sums SN and SN are
asymptotically equivalent.

For this purpose, Let Uf Uz, ..., UN be iid. ~(0,1) random variables,
and let R} denote the rank of §j in the ordering of I/,,...,UN from
smallest to largest. Then (R{..., RN) is a random permutation of the
integers 1 through N and may be used in (1). Moreover, Rj/N should be
fairly close to 4. [One can show corr(Uy Rj/N) -> 1 as n -> «] Thus we
may hope that in replacing the R} in the sum (1) by [NUj] to obtain a sum
of independent identically distributed terms, we have not changed the
value of the sum much. We note

N
SN—ESn = E (3”7 *w)(a(*;) ~%)’

and define
SN =
7-1

Then ES'N = 0, and

var(S") = E (zj -zw)2var(a(/?,)), (7)
1



80 A Course in Large Sample Theory

since the \NUj] are ii.d. with the same distribution as Rx namely, the
uniform on the integers from 1to N. The normalized versions of sV and
S'N are asymptotically equivalent if their correlation tends to one (Exercise
4 of Section 6). We first reduce the correlation to a simpler form.

Lemma 2. Cort(SN,S'N) = "N/(N - 1) corr(a(®,),a([/W,D).
Proof.

cov(SV,SN) = £ £ (zj ~zN)(zk-z N)cov(a(Rj),a(\NUKk])).

j=\ k=1

The value cx= cov(a(Rj), a(\NUj])) is independent of j and the value
c2 = cov(a(Rj), a(\NUk])) for j & k is independent of j and k& We find

N N N
COV(SN, SN) = ¢ 53 (zy—=z~v, +ce2XI H (I, —In)(Ll& - Zn)
7-1 7=1*-1
=(c, - c2) E (zy - z Nf. (8)
=i

Since Ejlj a(/?;) is a constant,
0=covj £a(rty),a([M/A)] = £ cov(a(K;), a(f NUKJ))
U=i I j-1
=c, + (y- i)c2.
This shows that c2= —cx/(N - 1). Substituting this into (8), we find
Nex  * 2
@(SN,SN) = £ (zy- zy) .
Using the variances found in (6) and (7), we have
con(SN,SN) = yIN/(N —1) corr(a(7?,),a([NUx1)). =m

We wish to show that corr(SN, SV) tends to 1, and since

£(a(K,) -"[ATi/.Df/var"T?,)) = 2(1 - corr(«(/?,), ANTN))),

it is sufficient to show E(a(Rx —a(\NUX))2var(a(Ry) -> 0. The follow-
ing lemma of Hajek (1961, Lemma 2.1) gives a bound for this quantity.
Although this result is valid in general, we give the proof only for the
important special case of a(j) given by (2). This allows treatment of
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Examples 1, 2, 3, and 6 above. The other important special case, a(j) =j
found in Examples 4 and 5, is treated in Exercise 3.

Lemma 3 (Hajek). Assume that a(j) is monotone. Then

"

2 2 /"E, L x _ g2
E(a(Rl) -a(\NUiJ)) < ——max|«(;) - aNU £ («({i) - aN} .
N J A%

Proof. For the a(j) of (2), we have max; la(j) —aN\ = max{n/N, (n —
N)/N], and EjL\(a(i) —aN)2= n((n - N)/N\| so we are to show

2 272 fn n
£(«(/?,) -« (fM/,1)) ~ 1 T maX\N 1 - N

We show the slightly stronger

1/2

E{a(RY) - a([M/,1))2< ~[n(] -

We compute this expectation conditionally given the order statistics,
t/() < JA2) < < U(Ny The key property is that the ranks (Rx..., RN)
are independent of the order statistics t/Q = (t/(1),..., UN). (Given the
order statistics, the actual ranking of the 4 is equally likely to be any of
the N rankings.) Note that if Rxis the rank of £/,, then U{ = URy Thus,

E(«(R.) 1))2=£[£{(«(/?,) -a(fW R)D)2|(/O)}]

O/AOE (a(j) -«([OTN]))2

=1
Each of the terms of the sum § = EAA(«(y) —aQNU*J))2is lor 0, and §
represents the number of discrepancies. If there are exactly n Uj%s less
than n/N, then § is zero; but as this number increases or decreases by 1,
S increases by 1. Thus, § = |K —nl, where K is the number of §j < n/N.
K has a binomial distribution with sample size N and success probability
n/N. Hence,

E(a(Rl) —a([M[,]))2= {\/N)E[\K - n\]
<(1/N)(E{K - n)2ll

(\/N)(n{N - n)/N) '"”
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We are now in a position to let N tend to infinity, so we return the
subscript N to the notation.

Theorem 12. If

max(zN - zN)2 max(aN(j) - aN)
8» =N-i j, >O) (9)

£ izNj—zn) £ (flw(y) —qn)
7=1 7-1

(SN £5M)/(var(SN)) / —27(0,1).

Proof. First we note that (9) implies that

max (aN(j) - aN)"

W >0>

. -
L (aN(j) ~ V)
y=i

since

maX(Z7” -Z[V)Z
N-k
N 2
X) { ZNj Z/V)
1

7-

is bounded. Assuming without loss of generality that a(j) is nondecreas-
ing, this together with Lemma 3 implies that

£(«(*,) - «(f 1))Vvar(«()) - o, (10)

which from Lemma 2 and Exercise 4 of Section 6 implies that
SA/(var(SM))1f2 and (SN - ESN)/(varCS™))1/2 have the same asymptotic
distribution. We complete the proof using the Lindeberg-Feller Theorem
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to show that condition (9) implies SNV(vaT(S'N))'/2 1). We let
Bj, = var(S'N), and note that the variables XN = (zN - zNXaN\NUj]) -
aN) have mean 0. We check the Lindeberg condition. Let ¢ > 0.

-T JE.E{xy(\XM'\> e™)}
=i

E£{(zn/-")2K ([" 1) - aN)2

XI((zN-zN)\aN(\NUJ) - aNf > e¢xS2)}

i a
E (:nvj :u) aN) I(SN> ¢2)|
&N y-1

=I(§8N>e2).

From (9), this is zero for NV sufficiently large, completing the proof. m

Application to Sampling. We illustrate the use of this Theorem on Exam-
ple 1. The aN(j) are given by (2), where n may depend on N. So
aN= n/N, and

0/W) E (M) - 5n)2= var(aw("1i))
y=1i

= var(aA(fivVE7l)) = («//V)(1 - (n/N)).

Since | < maxj(aN(j) - aN)2 < 1, condition (9) is equivalent to

max (zNj-z N)2 N
N~ X TT7— 1 -° - (11)

oo

In particular, (9) will be satisfied if either min(n, N - n) and

max(zNj-z N)2
Nl mmmmmmmme e js bounded,
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or min(n, N - n)/N is bounded away from 0 and

max(zNj-zN}(2
_ ~ 0.

]C (ZNj ~ Zn )
7=1

The conclusion drawn from this is that

SN —ESn (Sn/N) —zN
v/ivar(SN) “ y/sUN-n)/(N - 1)

This leads to the standard procedure used in sampling theory to get a
confidence interval for the population mean. However, one must use some
estimate of the population variance such as the sample variance. The
conditions needed for approximate normality are that » and N —n be
large and (N/(n(N - n)))maXj(zj - zN)2/sz be small. Since the latter
condition involves the unobserved z% this requires a certain amount of
faith.

In the application of Theorem 12 to the two-sample randomization test
of Example 2, this leap of faith is not required because we can see all the
observations. The asymptotic theory for the two-sample permutation test
follows directly from the above application to sampling. Namely, (SN -
ESn)/ \hdx(Sn) 1) under the same condition (11). In addition,
s\ is calculable and does not need to be estimated.

EXERCISES

l. (a) For the rank-sum test statistic, SN, of Example 3, find ESN and
var(SN), and show that (SN- ESN)/(var(SN))[/2 0,1) pro-
vided min(m,N —m) -» .

(b) Suppose m/N ->r as N -» oswhere 0 < r < 1. Is it true that

IN{SN'N2) - (r/2)) " (0,r(l - r)/12)?

2. Consider the hypergeometric random variable, SN, of Example 6.
(a) Show that (SN—ESN)/(var(SN))l/2 ~~K 0,1) provided (n(N —
n)m(N - m))/N3 —okin particular provided min(n, N —n)
and min(m, N - m)/N is bounded away from 0.
(b) In the borderline case n -» oosm -> osand nm/N > A, 0 < A < 0h
show that SN " ( A).
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3. Consider Example 4 in which a(j) =}j.
(a) Show £(/?, - M/,)7var(fii) -> 0.
(b) Show E(\NUy] - NUff/variRy) -> 0.
(¢) Show (x + V)2 < 2x2+ 2y2 for all x and y, and conclude that

£(/?, - [NUt])2var(/?,) -» 0,

so condition (10) is satisfied.
(d) Show for the randomization test against trend, (SN—ESN)/
(var(SN)) X2 1) provided

max(z - z Nf

4. For the statistic SN= EjRj of Example 5, related to Spearman’s p, find
ESn and var(SN) and show that (SN —ESN)/ (var(SN))Il/2 D).
5. What conditions on the z} are needed to satisfy condition (9) if
(a) a(j) = log()).
(d) a) =1/ {J.
(c) afj) = U/j.
6. Prove the following theorem of Hajek. Let <p(w) be a nondecreasing
function defined on (0,1) such that 0 < a 2= Jg(9(u) —Ip)2du < o
where P = fO<p(wdu. Define aN(j) = <p(j/(N + 1)). Then, for SN

given by (1), (SN- ESN)/ "jlzx{SN) 1) provided
max(zNj-z N)2
]C (ZNj ~~ Zn )

j-J

[Hint: (a) Let UlY...,UN be iid. ~(0,1) random variables, and let
SN= EjLi(zN - zNX<p(Uj) - 7. Show

Sy \Ivar(SN) —>.A(0,1)

(Exercise 6 of Section 5).
(b) Let RN denote the rank of § in U{9..., UN. Show that

corr(SN,S'N) = "N/(N - 1) corr(a(Rm ), «£({,)

(Lemma 2).
(c) Show RNi/N Uu and a(RNI) <p({/,) (Glivenko-Cantelli).
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(d) Show Ea(RNI)2 > E<p(U}))2 (Riemann approximation to an inte-
gral).

(e) Show E(a(RNI) - <p(§))2 0 (Exercise 7 of Section 2).

(f) Show the normalized versions of SN and SN are asymptotically
equivalent (Exercise 5 of Section 6).

. A k-Sample Problem. A sample of size n- is taken from population i for
i=1,..., k, for a total sample size of N = £f=1 nt. All N observations
are ranked and each observation is replaced by its rank. Let Sz denote
the sum of the ranks of the observations in population i Suppose for
all i that nJN ->pxas n > o for some numbers pz > 0. Note that
E?=i Pi,= 1. Let S=(S,,....,SA, p=(pj,.-.,pk) and p* =

nk)/N. Let P and P* denote the matrices

p, O Y
o p2
0 0 Pk
and
n 0
n2
0 0
(a) Show
/3N S- p*l 0,P - T).
} NN+ 1) p ppT)
(b) Deduce
3(N+ 1)

S-p* P
NN+ 1y P yrps

This is the Kruskal-Wallis statistic that generalizes the rank-sum
statistic to problems of comparing more than two populations.
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Asymptotic Distribution
of Sample Quantiles

Let Xx ..., Xn be a sample from a distribution F on the real line and
assume that F is continuous so that all observations are distinct with
probability 1. We may then arrange the observations in increasing order
without ties, X(n:]) < 2) < " < X(n:my These variables are called
the order statistics. For clarity, we will usually drop the dependence on n
in the notation and write simply X~ =X (n:k) as the kth order statistic
and let X0) < e+ < *«> denote the order statistics. For 0 <p < 1, the
pth quantile of F is defined as xp = F~](p), and the pth sample quantile
is defined as X where k = \npl= the ceiling of np (the smallest
integer greater than or equal to mp). If the density fix) exists and is
continuous and positive in a neighborhood of some quantiles, then the
joint distribution of the corresponding sample quantiles is asymptotically
normal. We give the proof for two quantiles; the extension to many
quantiles is easy.

The transformation UU) = F(X(j) forj = 1,..., n gives Y]),..., Un as
the order statistics of a sample from a uniform distribution, ~(0,1). We
first prove the theorem for a uniform distribution and then derive the
general result using the inverse transformation g(u) = F~x(u) in Cramer’s
Theorem.

The joint distribution of the order statistics Ul) < ¢+ < U(n) from
~(0,1) has the following well-known representation as the distribution of
ratios of waiting times. The proof is left as an exercise.

87
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Lemma 1. Let Yv Y2, ..., Yut{ be ii.d. exponential random variables with
mean 1, (" (1,1)), and let Sj = E/»i Yt forj =1,...,« + 1. Then the
conditional distribution of

Sx Sn

given Snt] is the same as the order statistics of a sample of size n from

an@, ).

This lemma implies that the joint distribution of UY¥2) is the same
as that of

Since the latter is a function of sums of i.i.d. random variables, it will have
an asymptotic normal distribution that can be computed by the methods of
Section 7.

To see this note that the Central Limit Theorem implies yfk((1/k)Sk —
1) —»>10,1) as k -> cobecause ~(1,1) has mean 1 and variance 1. Hence,
if n > coand kx’n ->p}, then

1 roi

ymnTT / -

Similarly, if n > oo kxv'n -»/?,, and AY%« -»/?72, then

2—k

n+1

and
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Lemma 2. If'Y,,Y2,... are iid. 2!, 1), and 4n(k\/n —p,) 0 and
\fn(.k2n —p2) —30 as n — then
1

n+ 1 P1

m+ 1,4y (s% 5%) (P2 P

/\rr(s,ay _*)
pi 0 0

», P2 - Pi 0
0 0 1-/>2

/V 00/. Since the difference between

Y 41
and
VATTT
is

/n 4- 1 « pi
I nae1 o

which —0, they are asymptotically equivalent. So,

1

ViT+T o .p; ¥

The situation is similar for the other two terms. Since Sk, Ski - Sk, and
Sn+1 - Ski are independent, and each is asymptotically normal, they are
jointly asymptotically independent normal. m

Theorem 13. If Ul) < e+ < Un) are the order statistics of a sample of
size n from ~(0,1), and ifn +<> kr  *°, and k2 -> 00/« swc/z a way that
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and

where 0 <px<p2< 1, then

Uki) P1 s’ P1(1-P1) P10-P2)

05
Uk ~ Pi P1o-P2) PI(lI-PI)
Proof. Let
2, =
g(xv x2,x3 o+ Je
Then
M+
which by Lemma 1 has the same distribution as Qe . Then, with
*2
Theorem 7 applied to Lemma 2,
[*2 Pi
Here,
1 x 2 + ~ -X,
g(x”xz’x3): 2 X3 X\
(x, +x2+x3) x3 x3 ~~(xI + x2)
so that
i- Pi ~Pi -Pi

= i(P\,Pi -P\A - Pi) =
g(n) = i(P\,Pi-Pl D= 1_pas 1-P2 -P2

Then it is merely a matter of checking that
Pi 0 0

glA) o P2-Pi o |g(n)T=
0 0 1—p2

PI(1-P1) Pi(l-Pz)
PiO -Pi) Pii*-Pi)
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Corollary. If Q) < ¥ < X(m are order statistics of a sample of size n
from a distribution F having a density fix) continuous and positive in a
neighborhood of the quantiles xp™andxpi withp { < p 2, then

P1(1 -Pl) piC1 -Pi) 1
X nPih  xp & o f(xpf f(xP)f(xP2)
X (JnP2) ~Xp2 " P11 -Pl) P20 ~Pi)
- * A**)

Proof. Applying the transformation giyxy2 = (F 1GNXF '(yi)) Tto the

variables - pu Uinpi]) - p2)) of Theorem 13, and noting
1 (o]
gtyd = 1
f(F-1(y2)

the Corollary follows immediately from Theorem 7. m

Note: For one quantile, this theorem says that

For a given small number, A4x, /(xp)Ax represents the approximate
proportion of observations that fall within an interval of length Ax
centered at xp. These are the observations that for large n will determine
the accuracy of the estimate of the pth quantile. As n increases, the
number of relevant observations goes up at a rate proportional to f(xp),
so the standard deviation of the estimate of xp will be proportional to

Example 1. Let mn represent the median of a sample of size n from
a normal distribution jK/jl,(t2. Then because /(/x) = \/(y[2rrcr),

Ifn(mn - (*)//(a02) ="t0, rra22). This may be compared
with Xn as an estimate of 4, 4n(Xn - /i) 0, cr2).

Asymptotic Relative Efficiency. 1f 0f and 02 are two estimates of a parame-
ter 6, and if yfn(6x- 6) —*JX090r2) and [fn(02- 6) 0, a2), then
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the asymptotic efficiency of 01 relative to 02 is defined to be the ratio,
02/ 0-2. Thus, in Example 1, the asymptotic efficiency of the median, mn,
relative to the mean Xn, as an estimate of the mean, /i, is a 2/(ira2/2) =
2/ii - 0.6366.... This means that if you are using mn to estimate the
mean of a normal population, you may use Xn instead and get the same
accuracy based on only 64% of the observations. In other words, for large
samples, if you are using m n instead of Xn to estimate ,, you are
throwing away about 36% of the observations. The asymptotic relative
efficiency is defined as the ratio of the variances, rather than as the ratio
of standard deviations, so that it has this immediate interpretation in
terms of sample size.

Example 2. The Cauchy distribution &(/i, a) has density
1 1

') = wrj + [(x- ix)/a)

It has median p,, first quartile xI/4 = fx —o-, and third quartile x3/4 =
Ji + o' Thus, o' is the semi-interquartile range, o' = (jc3/4 - x1/4)/2. For
the sample median,

2 2
rTCT

]//n(mn- p,) jO,

To find the asymptotic distribution of the sample semi-interquartile range,
first find the asymptotic joint distribution of X4 and X{3w4). (We use
the notation X for 0 <¢ < n to represent the order statistic

From the corollary,

Xyway ~ (it - tr I i
e (, ) s o712 |
Xo3w/4) - (ix + a) i 4
Hence,
4n O Y g & ag0, karve).
EXERCISES

1. Prove Lemma 1.

2. The maximum likelihood estimate of the mean of the double exponen-
tial distribution with density /(x) = |exp {-|x - 4|} is the sample
median. Find its asymptotic distribution.
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. Find the asymptotic distribution of the midquartile range, (X(3w4) 4

X(w4)/2, when sampling from the Cauchy distribution,  /z a). What
is its asymptotic efficiency relative to the median?

. Let Xv X2,... be a sample from ~(0,2 fi).

(a) Find the asymptotic distribution of the median.

(b) Find the asymptotic distribution of the midquartile range.
(c) Find the asymptotic distribution of | X{3w/Ay

(d) Compare these three estimates of the mean.

. Let X{ X2,... be asample from the exponential distribution, (1, 0),

with density fix) = (1/0)ex[>{—x/8}ftx > 0).

(a) For some constant ¢, yfn(cmn—0) 0,22\ Find c¢ and the
asymptotic variance, cr2.

(b) Do the same for X (i) in place of the median. For what value of p
is the asymptotic variance a minimum? (Answer, 0.797...).

Let Xj,..., Xn be a sample from the beta distribution with density,

f(x\0) = Oxe~xd{0 <x < 1), where 0> 0.

(a) Let Mn denote the sample median, and m(() denote the popula-
tion median as a function of (1 What is the asymptotic distribution
of —ra(0))?

(b) Let (h= log"/log(Mn). Show (h 0

(c) What is the asymptotic distribution of /fi(On —0)?
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Asymptotic Theory of Extreme
Order Statistics*

Let X¢ X2,... be iid. with continuous distribution function F(x) and
let Mn denote the maximum of the first n observations, Mn = max; <n Xjm
Then the distribution function of Mn is P(Mn <x) = F(x)n

The problem is to determine if there exists an asymptotic distribution of
the maximum in the sense that there are sequences an and bn > 0 such
that (Mn - an)/bn has some limiting distribution or, equivalently, such
that

_ all \ n
b <xj =PM,, <«,+bnx) =F{an+ bnx) '~ G (x)

for some distribution function G. The problem for min can be treated by
looking at max for —Xj.
It turns out that there are three different classes of limiting G’s.

Definition. A function c: [0,0°) -> U is slowly varying if for every x > o,

c(tx)
1, ast
c(0

Any function c¢(x) converging to a positive finite constant as x > @ is
slowly varying. But so also are some functions that tend to 0 or o as
x  co?such as ¢(x) =logx or even ¢(x) = (logx)y. Not slowly varying is
c(x) =xy for any y #¥0, since (1x))/ty =>xy.

*(Ref: Book of that title by J. Galambos (1978) John Wiley & Sons).

94
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Theorem 14. Let F{x) denote the distribution function of a random vari-
able X, and let x 0 denote the upper boundary, possibly + %, of the distribu-
tion of X: x0- sup{jt: F(x) < 1}.

(a) Ifx0= oo, and 1 —F(x) = x yc(x) for some y > 0 and some slowly
varying c(x\ then

_jexp{-x y} for x >0,
"o_% =
F{KX) G Uy(x) 0. for x <0,

where bn is such that 1 —F(bn) = 1/n.
(b) Ifx0< o and 1 —F(x) = (x0—x)yc(l/(x0—x)) for some y >0
and some slowly varying ¢ (x\ then

F(x0+ b,x)n-* G2y(x) = /exp{ {~x)r}' for *<0,
|1, for x >0,

where bn is such that 1 —F(x0—bn) = [/n.
(c) If there exists a function R(t) such that for all x,

I-F(t+xR(t))
1-F(t)

>e X

as t -=>jol (finite or +<) then
F(a, + bix)n  G3(x) = exp{ —e~x},

where 1 —F(an) =1/n and bn = R(an).

Note: Part (c) is considered the general case, and ¢ 3 the extremal
distribution. Moreover, EX+< in this case and R(?) can be taken to be
R(t) = E(X - t\X > t). The three families of distributions may be related
to the exponential distribution as follows. If Y e ~ (1, 1), then G/ is the
distribution function of Y~//y, G2 is the distribution function of - Y //y,
and ¢ 3 is the distribution function of - log(Y).

Example 1. The tv distributions have density

f(x) - ~ cx~(v¥l).

v (p +x2f +u/2

The symbol ~ stands for asymptotically equivalent and means that the
ratio of the two expressions tends to 1 (here, as x =< Thus, 1 —
F(x) = x~ve(x) for some function c¢(x) - c¢/v. Hence, case (a) holds with
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y —v, and
c 1 len\ v

For the Cauchy distribution, v= 1and ¢ = 1/rr so that
m Q

Example 2. The J?e(a, /3) distributions have density
/(*) =oe" 1(1 —  ’/(0<x < 1),

where ¢ = T(a + )8)/(r(a)r(/3)). So xO=1, and as i/ 1, f(x) ~
c(1 - je)p-\ and

1—F(c) ~ ch}(l —m~_1dw=c(l —=x)p//}.
Hence, case (b) holds with y = 8 and jo0 = 1. The equation
1- F(1 - b,) =\/n yields bf ~ P/(nc),
so we may take

T(a)T(p+ 1)".Jp

For the ~(0,1) distribution, n(Mn- 1)~ G2] = —®1l,1).
Example 3. The Exponential Distribution. In case (c), note that

1-F(t +xR(1))

I-F(t)

=P(X>t+xR(t)\X>1),

so that the condition that this converge to e~x means that there is a
change of scale, R (7| so that this conditional distribution is approximately
exponential with parameter 1. If F(x) is this exponential distribution, then
P(X >t +x\X >1t) = exp{—=/ exactly, so we have R(?) = 1 for all ¢ and
hence bn = 1for all n. Since 1 - FO) = exp{-jt}, we may solve for an:

exp{ - an} = \/n =>an= log n; that is, Afth - logn —G3.
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Example 4. In case (c), x0 can also be finite. For example, let Fit) = 1 —
exp{l/f} for t <0 (so x0= 0). Then

1- F(t +xR(t)) xR (1)
1 —F(1) eWlt+xR(t) tj P (t +xR(t))t)
We want to choose R(?) so that R(t)/((t + xR(t))t) > 1as t /*0. Clearly
R(t) =12 works. \/n =\ —F(an) = exp{l/ an} =>an= —/logn and

bn = (1/log n)2. Hence, (log n)2(Mn+ 1/logn) ~ G3.

Proofof Theorem 14
(a) Note that bn -» o0?so that

Febnxy = (1 “ (bnx) yc(bnx))n

= exp{ —x Yy} from the definition of bn.
(b) For x <0,

F(x0+ bnx)n= (1 - (-bnx)yc(l/(-bnx)))"

=expl|-(—o)t lim nb*c(l/bn)/\ =exp{-(-x)r}
v n-*o
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Note: 1t is a remarkable fact that the converse to Theorem 14 is true: If
for some normalizing sequences an and bn, (Mn - an)/bn —G nonde-
generate, then G, up to change of location and scale, is one of the types
G{y for some y > 0, G/ y for some y > 0, or G3. Furthermore,

(a) G is of type Gxy<x0= w and Fix)= 1- x~7c(x) for some
slowly varying c(x)\

(b) G isof type G2y <x0< ®and F(x) = 1 —(jc0 —x)yc(1/(x0- *))
for some slowly varying c(x),; and

(c) G is of type G3 <for all x,

1-F (<+*«(<))
W X0

as ¢ -* jo0, for some function, R(?).
This result goes back to Fisher. See the book of Galambos for details.

Example 5. Fix) = 1-1 /logx for x >e. If there exists a limit, it
cannot be of type G2r, since x0= < It cannot be of type G3, since
EX4= EX = and it cannot be of type Gt 7, since 1- F(t:) = 1/log jc
is slowly varying and we must have 1 —F(jc) =x)c(x) with y positive.
Therefore, no normalization (Mn —an)/bn converges in law to a nonde-
generate limit.

However, we can still say something about the asymptotic distribution of
Mn. Let F = log X. Then FY(y) = P(log X <y) = P(X <ey)=1- 1y,
fory > L This iscase (a) with y = land = n. So(l//i)log A" Gt

Example 6. The Normal Distribution. We show that the standard normal
distribution falls in case (c). Let
I fx ( u2)
F(x) ~Hx) ~7s8?2/-.“7(“ "'
denote the distribution function ofJ"O, 1).

Lemma

-00 1
—8"N) = / exp{—u22) du ~ —exp{—=x22] as x > ov.

Proof. By LHospital’s rule, f* exp{—u22} du/x~I exp{-JC22} has the
same limit as

-exp{-jt;2 2} jc2
-x 2exp{—e2 2} —exp{—=x22) 1+x2
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The lemma implies that

1 —<!I>(/+xR(t)) exp{—(t 4xR(t))21} t
1- <&™) t +xR(t) exp{-r2/2}

x (TT*R(1))eq “aR<,)-* 2 (0 2 2}-

This converges to e~x if we let R(z) = \/¢t. Thus we have case (c) with
bn= 1/anand 1- ®an) = 1/n, and conclude that anMn —an) —G3.

Remark. To find an asymptotic expression for a7 in this example, write
1- <>(an) = 1/«, using the lemma, as

Neexp{-7/2)- 1.

To solve this asymptotically for an, we first approximate by solving
exp{—al/2} = 1/n to get an = 3/2log n . Then we replace an by y/2log n
- dn, and solve for an

n 2 n exp|- (logn - a’j2logn +4d2 2)}
-A-expi{-a,/2} - -j= |/2logn - an

= 1 expRV2lggn ~<22}
V20t "2 log« - aM

If this converges to 1, then  -> 0 in which case we may ignore the an in
the denominator and the a,,/2 in the exponent. Solving

exp[fl'n/ 2logn } = "27r21og A
gives
< = (l/y/2\ogn)\og y47r logn ,
SO
= /2log n —(loglogn 4 log47r)/2y/2\ogn .

Since bn = 1/aw- 1/ “2logn, we can replace (but not an) by this
simpler form, and reduce (Mn - an)/bn to

y/2\ogn Mn—2logn 4 (1/2) loglogn 4 1/21ogd47r ~ G3.
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EXERCISES

1.

For the following distributions, find the normalization such that

(Mn - a,,)/bn has a nondegenerate limit if any exists.

@ f(x)=el (x <0).

(b)/U) = (2A3/0t> 1.

(¢) Fix) = 1- exp{—=x/(l —x)}, for 0 <x < 1

@) fix) = (\/Y(a))e~xxa~xd(x > 0), the &(a, 1) distribution. [First
prove 1 —F(x) ~ (1/T(a))e~xxa~l.]

. Let Xu...,Xn be iid. with a geometric distribution with probability

P(X =j)=1/2;+1forj =0,1,2,... . Show that the distribution of
Mn converges to a discretized version of the general case, G3, in the
following sense. Let min) = llog2(w)J (the floor of log2(n)) and sup-
pose that n -* oo along a subsequence, n(m) for m = 1,2,..., such
that n(m)/2m-» 6 as m -» oo( with 1 < 0 < 2; then,

p(Mnim) - m <j) -texp{- 02~7}, for; =0, 1,+ 2,... .

. Let Mn denote the maximum of a sample of size n from the distribu-

tion ¢ 3. Does there exist a normalization, (Mn —an)/bn, with a nonde-
generate limit? If so, find it.
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Asymptotic Joint Distributions
of Extrema

The following theorem is useful for finding the asymptotic distribution
of the range of a sample or of the gap between the largest and next largest
value of a sample.

Theorem 15. Let Un.1)2..., Unn) be order statistics of a sample of size n
from ~(0,1). Then for fixed k,

(a) n(Uind), ..., Uin:k) % (Su ..., Sk)

where Sj = E/=jYi and the Yt are i.i.d. exponential, ~(1,1).
(b) Forfixed values of 0 <p { < <pn < 1, the three vectors

n{P(n:i) *>Unk)>

~ P> -m Un:npk) ~ Pk)>
and

n(l — Un:ny..., 1 — Un:n_k+j))

are asymptotically independent, with distributions of the first and third
vectors as in (a), and of the second as in Theorem 13.

101
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Proof, (a) Let U, k= Wn.]),...,UmkyI We show the densities of Unk
converge and conclude the result by Scheffe’s Theorem:

() -»(»=1)eee(«-* +1)(1~
X/(0 <M < = <Uk< 1)
Let S = AU, k. Then

nn —1) s (n —k + 1)
M («) = nk

s \n~k
(1_“ J 70 <s, < oo <gk<n)

exP( (0 <s, < o <sk<«),

which is the density of the distribution described in the theorem,
(b) Omitted.

Note: The limiting distribution of nU(n k being the sum of & indepen-
dent«l,1),iS«M ).

Note: Part (b) of Theorem 15 holds in general (for distributions other
than uniform); the lower extreme order statistics, the upper extreme order
statistics, and the quantiles are asymptotically independent.

Example 1. The Range. Let Rn= Unn) —Un:i) denote the range of a
sample of size n from a uniform distribution, ~(0,1). Then n(1 - Rn) =
n(l - Unn) & nUn. ) —»Y{4 Y2, where Yj and Y2 are independent
J?2(L,1). Thus, n(l - Rn) £ W(2,1).

Example 2. The Midrange. Let Mn= \(UnI( + Yn:n) denote the
midrange. Then

n(Mn- 1) = i(nf/(,,:1) - n(1- t/(nyn))) 3 =(y, -

where Yj and Y2 are as in Example 1. This has the Laplace (double
exponential) distribution with density f(z) = e~2|2*%

Remark. If  .1,..., X(n.n are the order statistics of a sample of size n
from an arbitrary continuous distribution F(x| then n(F(X(nl)),...,
F(X(n:k)) —»(S12..., S*) of part (a). Sometimes, the method of transfor-
mation of Slutsky’s Theorem applied to some form of the inverse function
F~1(5) will work to give the asymptotic distribution of (X(n.1)9..., X(n.k)\
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as in the Example 3, below. Such considerations lead to a generalization of
Theorem 14. The limiting distribution of (X(n:1)9..., X(n:k)) properly
normalized is as (-Sxl/y,..., ~Skl/y) for case (a), as (S/ y,... ,Sk'y)
for case (b), and as (log 5 ,,..., log Sk) for case (c).

Example 3. Let Z[n be the largest, and Z2n the second largest, of a
sample of size n from a Cauchy distribution, ~(0,1). To find the large
sample joint distribution of ZXN and Z2/z, we first note that n((1 —
F(ZIn\0 - F(Z2n)) "~ (SIf52), where Si and S2 are as described in
Theorem 15, and F is the distribution function of W(0, 1). Then, since

00,

we conclude that n((1 - F(ZXnw\(1- F(Z2n))), and

are asymptotically equivalent, and so have the same limiting distribution,
namely, that of (S/, S2). Finally, an application of Slutsky’s Theorem using
the reciprocal transformation shows that

From this, we may deduce an interesting property for the top two record
values of a sample from a Cauchy distribution, namely, that the ratio
Rn= Z2n/Z P> of the second largest to the largest observation converges
in law to S#/S 2, which has a uniform distribution, ~(0,1). Moreover, Rn
and Z2w/n are asymptotically independent (since S¥S2 and S2 are
independent).

EXERCISES

1. Let X(n:i)9...9X(m:H be order statistics of a sample of size n from

1). Find the proper location and scale normalization (using Exam-

ple 6 of Section 13) of the midrange such that the limit distribution

exists, and find the limit (logistic). What is its asymptotic efficiency
relative to Xn?
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2. Let Z/n and Z2n be the largest and second-largest record values
(order statistics), respectively, of a sample of size n from the exponen-
tial distribution, ~(1,1). (a) Find the density of the limiting joint
distribution of Z/n and Z2n, properly normalized, as n > <:(b) Note
that (asymptotically) n- Z2n and Z2n are independent, and that
Zun - Z2n has an exponential distribution.

3. Let X{ ..., Xn be a sample from a uniform distribution on the interval
(0 —0.5, 0 + 0.5). Among the various estimates of (), one may use the
median, Oy= X(/2]), and one may use the midrange, 02 = (max(A") +
min(Ar))/2. Compare the 95% confidence intervals for 0 obtained
from these two estimates, when n = 100.

4. Let Zj n and Z2n be the largest and second-largest order statistics
from a sample of size n from the normal distribution, ~f(0,1), and let
anbe defined by 1 —&(an) = 1/n. Show that

<*n(Zin - - ayn) * (-log 5,, —dog S2),

where  and S2 are defined as in Theorem 15. Conclude that Ui ~
expfan(Z2n - ZIn)} has asymptotically a ~(0,1) distribution, and that
Uh and an(Z2n —an) are asymptotically independent.
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A Uniform Strong Law
of Large Numbers

Certain important statistical problems have the following form. Let
X{ X2 ... be asequence of i.i.d. random variables with common distribu-
tion function F (x| and let Ulx, 0) be a measurable function of x for all 0
in some parameter space ©. The statistic of interest for purposes of
estimation or testing hypotheses is (1/«)E~ 1U(Xh 0). If it is assumed
that

IL(0) =EU(X, 0) = fu(x,d)dF(x) (1)

exists and is finite for all 06 O, then by the Strong Law of Large
Numbers

~1LU(Xj,0) v(0), as n (2)

for each 0 e ®. It is important to strengthen this conclusion so that the
convergence is uniform in 0 in the sense that

1
SUp LU (Xj,6)-rt9) 0, asn 3)

As an example of the use of (3), suppose we have a sequence (h of
estimates of 0 (possibly dependent on X ..., Xn) such that (h 00as

107
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n -» oa where 00 can be considered the true value. Suppose also that fx(0)
is continuous in (. We would like to conclude that

n

1
-Lu(Xj,On) as n (4)

By itself, (2) is not strong enough to give this result. However, (4) follows
easily from (3):

1

- YiU{Xj>k) - v(dn) +1 V-ik) - M®o)|

< sup +1/4$) “ /(@)

0e@
-N>0, as n -> oo (5)

using n 0Q continuity of /z(0) and Slutsky’s Theorem.

The theorems below, due to Le Cam, give conditions on U and the
distribution F under which (3) holds. If © were finite, then (3) follows
directly from (2), because the intersection of a finite number of sets of
probability 1 has probability 1. So one expects (3) to hold also if © is
compact and Ufx, 0) is continuous in 0 for all x. Under a uniform
boundedness condition, this is so.

Theorem 16(3.) If

(1) © is compact,

(2) Ux, 0) is continuous in 0 for all x,

(3) There exists a function K(x) such that EK(X) < o and \Ux90)1 <
K(x\ forallx and 0.

Then

We also prove a one-sided version of this theorem for use in the next
section. A real-valued function, /(0), defined on © is said to be upper
semicontinuous (u.s.c.) on ©, if for all 0 in © and for any sequence (h in ©
such that (h => 0, we have limsup,, o' (0,) </(0) or, equivalently, if for
all 0 in ©, sup|® 0|<p/(0") ->/(0)as p =>0.
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Theorem 16(b). If

(1) 0 is compact,

(2) Ux, 0) is upper semicontinuous in 0 for all x,

(3) there exists a function K(x) such that EK(X) < wand Ulx, 0) < K(x)
for allx and 0,

4) for all 0 and for all sufficiently small p > 0, supd 0,<p U(x, 0') is
measurable in x,

Then

Proofofpart (b). Let

cp(x,0,p)= sup U(x,0').

l0"-0Kp

Then (p is measurable in x for all sufficiently small p > 0 by (4), @ is
bounded above by an integrable function by (3), and (p(x, 0, p) \ Uk, 6)
as p\ 0by(2).

Therefore, by the Monotone Convergence Theorem, as p \ 0.

J<p(x, 0,p) dF(x) \ jU(x, 0) dF(x) = /x(0)

Let e > 0. For each 6, find pe so that f(p(x, 0 pe) dF(x) < p(0) + s. The
spheres S(0, Pe) = {O: 19 - 0\ <pe}! cover 0 so by (1) there exists a
finite subcover, say, © ¢ U’ §0;, 2 For each 0 e © there exists an
index j such that 6 € 5(0., Pe). From the definition of @ U(x,6)<
<% O, pe) for all x. Hence,

so that
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Now apply the strong law of large numbers to (1/«)£" <p(X, Gt p9):
p{,}igl@—ffp()(j, 0, pe) <fi(0j) + e,for; = 1,2 = L

A. limsup sup - £<p(Ar, 0, p9) < sup /a(0) +ej = 1,
j

\ n->o0 I<;<w n i 1 1<j<m
p!\ limsup sup — ,0) < sup fi(0) + ej =1.
\' n->0 0O0e@ n 1 0e© /

Because it is true for all e > 0, it is true fore = 0. m

fa). First note that, Ufx, 0) being continuous in 0, condition (4)
of part (b) is automatically satisfied because

sup U(x,0')= sup U(x,0')

le’-el<p 0'~rd
for any denumerable set D, dense in {0: \0' —O\ < pl
Next note that fi(0) is continuous:

lim ia(0) = lim fu(x, 0) dF(x) —fu(x, 0) dF{x) = /%(0)

by the Lebesgue Dominated Convergence Theorem, since U is bounded
by K, an integrable function. Therefore, if Theorem 16(a) were true for
/x(0) = 0, it would follow for arbitrary 4I(0) by considering Ufx, 0) —i(0),
continuous in 0 and bounded by K(x) + EK(X). Thus, we assume
/a(0) = 0. From the one-sided theorem applied to Ufx, 0) and ~U(x, 0),

Pi limsup sup - EU(Xj90) <0) = 1
@ n ! J

| n->00 o<

and

Pi limsup sup--—-£1/(X, 0) < O}J: L.
i

\' n>00 0e© n

The conclusion follows from this because for an arbitrary function g,

0 < sup|§(0)| = max/supg(0), sup -g(0)\. =
a vV oa a t
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Remark. We note for use in the next section that under the conditions of
Theorem 16(b) the function /x(0) is upper semicontinuous (i.e., for every
0e ©limsupr e/x(0') </i(0)\ The proof is analogous to the proof of
continuity of /x(0) for Theorem 16(a), namely,

limsup 4107 = limsup EU(X, O
d'—*()p I 0'->0p ( )
<E limsup U(X, 0') <EU(X, 0) —m(0)
0'->0
using the Fatou-Lebesgue Theorem (the one-sided dominated conver-

gence theorem) since t/(x, 0) is bounded above by an integrable function,
K(x).
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Strong Consistency
of Maximum-Likelihood Estimates

A sequence of estimates {01} of a parameter 0 ¢ © is said to be weakly
consistent (resp. strongly consistent) for 0 ¢ © if for every 0 e ©, (h —» 0
(resp. (h 0) when O is the true value of the parameter. In this section,
we show that under fairly general conditions, the maximum-likelihood
estimates are strongly consistent as the sample size tends to infinity.

Let Xu...,Xn be iid. with density f(x16) with respect to some
<r-finite measure v (usually Lebesgue measure or counting measure),
where 0 g©.

The likelihood function is defined as

Ln(0) = Ln(0\Xi,..",Xn) = n /(xy|0)

when the observed values of X19..., Xn are xv ..., xn The log likelihood
function is denoted by In(6) = log L,,(0).

A maximum-likelihood estimate (MLE) of 0 is any function, (h=
(h(xu ..., xn), such that LnOn) = supOe 0 Ln(0) or, equivalently, /nOn) =
suPOEECY|(®)* A MLE may not exist. When it does, it may not be measur-
able and it may be consistent. It certainly exists if © is compact and

f(x\6) is upper semicontinuous in 0 for all x, since then Ln(6) is upper
semicontinuous on a compact set, and an upper semicontinuous function
on a compact set achieves its maximum.

The proof of consistency of the MLE is based on the following lemma.
Let /0(x) and /,(*) be densities with respect to a cr-finite measure v. The

112
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Kullback-Leibler information number is defined as
] MX) , /00)
Wo>/i) =EO0l o g =/1logj-"fO0(x)dv(x).

In this expression, [o"f((x)/fl(x)) is defined as +*° if Ji(x) = 0 and
fOx) ~ 0, so the expectation could be +oa Although lo” fo"x"/fj(jc)) is
defined as —eo when fxx) >0 and f(@x) = 0, the integrand,
\°&h(x)/fxx))f0fx\ is defined as zero in this case. K(f0, f{) is a
measure of the ability of the likelihood ratio to distinguish between /0 and
/j when /0 is true.

Lemma (Shannon-Kolmogorov Information Inequality). LetfOx) andfxx)
be densities with respect to v. Then

VLRY, fox)
K(Jo>].) = E’logy "y = rogJ A fo(x) dvix) -

with equality if and only iff Xx) =/0Xx) (a.e. dp).
Proof! Since log x is strictly convex, Jensen’s inequality implies

xX)

X
- ( ”7/ ) _EOIng);’(y')A <10 E
A4) Jo\A)

with equality if and only if fI(X)/f(fX) is a constant with probability 1
when X has density /0. But

E°TTx | =/ 77TV/0() dv(x) =j dv(x) <1,
Joa ) TG Iy e dv(x) = g dv(x)

where S0 = {x: f({x) > 0}, with equality if and only if S0 has probability 1

under f¥x). The combination of these two inequalities gives the result.

This lemma is used in the proof of consistency of the MLE as follows.
Let 0O denote the true value of 0. The MLE is the value of O that
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maximizes

1,00) - =>gK(») - log Ln(0o)

1

From the Strong Law of Large Numbers and the lemma,

1, 1 f(X,\t) , , fFtxle
n " n? 1087 (W A £-</T O ' -K(S«9) <"

unless f(x10) =/(jc|00). So eventually the likelihood function will be
larger at 00than at any specific value 0 provided different 0 correspond
to different distributions (the condition of identifiability). This gives a
meaning to the numerical value of the Kullback-Leibler information
number. When 0Ois the true value, the likelihood ratio, Ln(O)/Ln(0ol
converges to zero exponentially fast, at rate exp{—uK(00, 0)}.

This already implies that if © is finite the MLE is strongly consistent. In
the following theorem, this observation is extended to compact © when
f(x\0) is upper semicontinuous in 0.

Theorem 17. Let X { X2, ... be i.i.d. with densityf(x\0), 0E 0, and let 00
denote the true value of 0. If

(1) © is compact,
(2) /(x\0) is upper semicontinuous in 0 for all x,
(3) there exists afunction K(x) such that EJK(X)\ < oo and

U(x, 0) = log/(jc|0) - log/(x|00) < K(x), forallx and 0,

(4) for all 0e © and sufficiently small p > 0, sup,0_( <p/(x\0") is mea-
surable in x,
(5) (identifiability) / (x\0) =f(x]0Q (a.e. dv) => 0= 0Q

then, for any sequence of maximum-likelihood estimates ho /0,
f. ~#> o0n

Proof. The conditions of Theorem 16(b) are satisfied for the function
Uk, 0). Let p>0and S= {0: |0 - 0Q > p}. Then S is compact and
from Theorem 16(b),

AV limsup sup —F,tS(Xj, 0) < sup m(0)| = 1,
 limsup o 51505 ) < gp m(O)
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where p,(0) = —K(0Q0) = fU(x, 0)f(x\00) dv(x) <0 for e S from
the lemma. Furthermore, pi() is upper semicontinuous (Section 16) and
hence achieves it is maximum value on S. Let &= sup0e5 fu@); then
8 <0, and

PA limsup sup —Y, U(Xj, 0) < SJ =1.
| n¥o 0&S n 1

Thus, with probability 1, there exists an N such that for all n > N,

sup —JAU(Xj90) < 8/2 <0,
0<=S n 1

say. But
P f u(Xj, 4, = sup }thv { X, 6) >0,

since the sum is equal to 0 for 0 = 0Q This implies that Oh £ S for n > N;

that is, 1h —0\ < p. Since p is arbitrary, the theorem follows. This proof
is due to Wald (1948). =

Note: Allowing f(x\0) to be upper semicontinuous in 0 (rather than
requiring continuity) covers cases like the uniform, U(0,0 + 1). In such a
case, the density is chosen to be the upper semicontinuous version,
fix16) = 1(6 <x < 0+ 1). We note that if fix 10) is continuous in 0, then
condition (4) is automatically satisfied.

Note: Nothing in the theorem requires On to be measurable. In this
theorem, MLEs are strongly consistent even if they are not random
variables! (Here, convergence almost surely does not imply convergence in
probability.) In general, (h can be chosen to be measurable according to
the following result which follows from a selection theorem of von Neu-
mann (1949). (See for example Parathasarathy (1972), Section 8.) If%?is a
Borel subset of a Euclidean space, and if 0 is a compact subset of a
Euclidean space, and if cp(x, 0) is jointly measurable in (x, 0) and upper
semicontinuous in 0 for each x e if, then there exists a Lebesgue measurable
selection 6(x) such that

<p(*, 0 (*)) = 3% cp(x, 0),  forall x.
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Counterexample to the removal of condition (3). Consider the following
densities on [—, 1] with parameter space © = [0, 1],

b - 1
1- Ay /(1* - el <8(6)) + e-I(1x) < 1),

where 8(6) is continuous decreasing with 8(0) = 1and 0 < 8(0) < 1 —0
This provides a continuous parametrization between the triangular distri-
bution when 0 = 0, and the uniform distribution, when 0 = 1.

Clearly, conditions (1), (2), (4), and (5) of Theorem 17 are satisfied. We
show that if §(0) 0 sufficiently fast as 0 > 1, then (b 1 whatever
be the true value of 0 g ©.

Given a sample Xx ..., Xn from /, (h is that value of 0 that maximizes

0
= «tlog- + log
u-o<sg 80 5(0)

where ne is the number of Xf not in x: W —O0 < 8(0)). For every fixed
number a < 1,

1-0 0 1 1

—In(0) < I
max —n(0) < qmax 102 g opy, 2 <102 g 4o

We will show that (h 1 whatever be the true value of 0 if 8(0) >0
sufficiently fast as 0 -> 1 by showing

o<0<1 _Z (%

Let Mn=maxf”,..., Xn! Then Mn 1 whatever be the true value
of 0, and

—l - il - n- 11 Mn 1 Afw
oW P MMy 0% T 0% sy 2
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Therefore,

Whatever be the value of 0, Mn converges a.s. to 1 at a certain rate the
slowest rate being for the triangular distribution (0 = 0). Thus we can

choose &(0) -> 0 sufficiently fast as 0->1, so that (I/«)log((l -
Mn)/8(Mn)"f»°0. m

How fast? First note that (n)1/4(1 - Mn) 0, because for 0 = 0,

ZPo{nl/4(l - Mn) > s)
=1,PO(Mn<1- e/n*) = E(1 - s2(2"))"

< E(GXP =E exp{s2vVnV2) < oo,

and the Borel-Cantelli Lemma implies PO{«1/4(1 —Af,) > e i0.} = 0.
Then, for

8(0) =@ - 0) exp{—(1 - 0)~4},

we find

00.

EXERCISES

1. Check the conditions of Theorem 17 for the ~(0,0) distribution,
f(x\o) = 1/ 0)I[QofX\ when 0 = [1,2].

2. [Oliver, (1972)] Let X[9... 9Xn be a sample from the triangular distri-
bution on [0, 1] with mode 0,

and let Xm = 0, X({09..., X(n), X(n+j) = 1 denote the order statistics.

(a) Show that for < 0 <.A™i) the likelihood function is decreas-
ing if 0 < k/n and increasing if 0 > k/n.

(b) Conclude that the maximum likelihood estimate is equal to one of
the X(k) for which (k —1)/n <X® < k/n.In fact, the likelihood
function has a local maximum at each such *(*>
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3. [Neyman and Scott (1948)] Suppose we have a sample of size d from
each of n normal populations with common unknown variance but
possibly different unknown means

Xfj p., a2, I=1,...,n j=1,..,4d

where all the X3} are independent.

(a) Find the maximum-likelihood estimate of a 2.

(b) Show that for d fixed, the MLE of a-2 is not consistent as n @
Why doesn’t Theorem 17 apply?

(c) Find a consistent estimate of a 2
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Asymptotic Normality
of the Maximume-Likelihood Estimate

To obtain asymptotic normality of the MLE, more restrictive conditions
on f(x|0) are needed. In particular, it will be assumed that (d2/ d02) f(x|0)
exists and is continuous. This will rule out cases like the uniform distribu-
tion on the interval (0, 0), 0 > 0, where the maximum-likelihood estimate
is the maximum of the sample, converges to the true value at the much
faster rate of //n, and is not asymptotically normal. (See Example 2 of
Section 14.)

When (<?/<?0)/(x|0) exists, one can seek the MLE, 0,,, as a solution of
the likelihood equation,

/u(«) =" logl,(o) = ¢ iog/(*,ie) = Q

There may be many solutions to /n(0) = 0 even if the MLE is unique,
however, there generally exist solutions of this equation that are strongly
consistent even if the MLE is not consistent! The reason for this is as
follows. If the true value 0O lies in the interior of 0 ¢ [R¥ if
(d/dd)\og f(x\d) exists and is continuous in 0 for all x, and if the
conditions of Theorem 17 are satisfied for some compact neighborhood ©
offlo, © ¢ 0, then the MLE within ©, call it 0Mconverges a.s. to 0Q and
once On is in the interior of ©, it will satisfy /(0n) = 0.
Let

a k vector,

119
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and
dl ) )
0) = @2 log/(jc|0), a Aby A matrix.

Then, Fisher Information is defined as

JA0) =£# (X ,0)~(Z,e)7, a Aby Amatrix.

Assuming that the partial derivative with respect to 0 can be passed under
the integral sign in ff(x\d)dv(x) = 1, we find

EN(x,e) =/ (d/c/lf:j;g\Q) f(xB) dv(x) =J [Qdvix) =0,

so that J*t0) is in fact the covariance matrix of
S(B) = vare(<P(X,0)).
If the second partial derivatives with respect to 0 can be passed under the
integral sign, then f(d2dQ2)f(x\Q) dv(x) =0, and
£>(*,») =/

fixle)(d2dn f(x\») - ((d/d»)f(x\6))T((S/dB)f(x\B))
/ fixie2

Xf(x\9)dv(x)
0- Jty(x,B)W(x,B)Tf(x\B)dv(x).

Thus,
Ihe) = —E%y(x, e).

Example 1. The Poisson distributions, <0). fix\0) =e~/x\ x —
0, L2,...,logfix10)=c —04xlog0, and tix, 0) = —1 4 x/0.
Therefore, Jt0) = var6(-1 4X/0) = 0/ 02= 1/0. We may also com-
pute J~O) using iftix\0) = -x/02 so Jt0) = EeX/02= 0/ 02—1/0.
Derivatives may be passed under the integral sign since the Poisson
distributions form an exponential family.
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Example 2. The normal distributions, yK fi, cr2).

logf(x\n, a) = -log'/Itto-- (1/2cr2)(jc - ft)2,

x - fi)/a2
W(x,([L,a)) = ( 11

— et (x — sy2¢d )

—A/cr2 —2(x —fi)/a3

(fi,a)) = .
—2(x - fx)/a3 1/0'2—3(x —fi)2cr4
Hence,

o) = 1/a-2 0

P 0 2/a-2

Theorem 18 (Cramer). Lef Xx X2,... be i.i.d. with density f(x |0) (with
respect to dv), and let 00denote the true value of the parameter. If

(1)0 is an open subset of Mk,

(2) second partial derivatives of fix |0) with respect to 0 exist and are
continuous for all x, and may be passed under the integral sign in
ffix\Q) dvix),

(3) there exists a function K(x) such that EQK{X) < @ and each compo-
nent of ~(x, 0) is bounded in absolute value by K(x) uniformly in some
neighborhood of 0Q

(4) ~K0Q = —£¢ " ( A, 00 is positive definite,

(5) fix|0) =fix |0Q ae dv=0 =0Q

Then there exists a strongly consistent sequence On of roots of the
likelihood equation such that

vi(e,-e0)""(0,j"(e0

Proof.

L. Existence of consistent roots. Let Sp= {0: |0 —0Q < p/ for some p > 0
be a compact neighborhood of 00on which components of *P(x, 0) are
uniformly bounded by Kix) as in (3). The existence of a strongly
consistent sequence 0,, of roots of /n(0) = 0 follows from Theorem 17
with 0 = Sp. Conditions (1), (2), and (5) of that theorem are automatic;
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condition (4) follows from continuity of /(jc|0) in 0. To check condition
(3) expand Ufx, 0) as

u(x,9) =U(x,%) +v (x,q01¢ (b - €0)
+(6 - eO)rj"]]”A Vix,00+ Afi(e - %))d\dfjL(d - 00.
o Jo

That Ufx, 0) is bounded, uniformly on Sp, by an integrable function
follows, because U(x, 0Q = 0, 0Q is integrable, and the compo-
nents of  are bounded by K(x) uniformly on Sp.

2. Asymptotic normality. Note /t(0) = E? ~(”,0). Expand /n as

1(0) =1(00) +/ 1£* (* 1,0+ A (¢-¢0))d A (¢-¢O)

Now let 0 = OMwhere 0Ws any strongly consistent sequence satisfying
/(01t) = 0, and divide by yfn:

where
b, = -/0"-I>(jr,.,e0 + A(e, - e0))JA.

From the Central Limit Theorem, because FE09(X, 80) = 0 and
var9) W(A\0Q =J*(00, we find that

AULBO =V Af> (*,, e Q)" Zer0,(00).

If we show Bw then eventually Bl will exist and by
Slutsky’s Theorem.
Vh (eB- e0) =b; 1 %s(eylze”~0"e,,)-".

Let e > 0. To show Bw  ~KO0Q>first note that £Q9 (X, 0) is contin-
uous in 0 from condition (3), so there isa p > 0 such that |0 —00Q <p
implies

[Ea# (*,0) +J7(00)|< e.
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Next note from the Uniform Strong Law of Large Numbers, Theorem
16(a), that with probability 1 there is an integer N such that

n > N implies suj < s.
oedn

Then, assuming N is so large that n >»n = |e,, - e01< P,

-J-(00)|< /' ~E A (~,00+ A(On- 00)) +S(0Q0) d\

<f'sup "E*(Xy0) 0)
0 ees,,

< 2s.

Remarks. One often says that this theorem states that the maximum
likelihood estimate is asymptotically normal. However, that is a rather
loose interpretation. All it really claims is that, under the conditions
stated, there is a consistent sequence of roots of the likelihood equation
that is asymptotically normal with Fisher information as its variance.
Under these same conditions, the MLE may not be one of these roots;
even if it is, it may not be consistent. An example similar to that found at
the end of the previous section may be constructed that satisfies the
conditions of Theorem 18 so that the MLE will be inconsistent even
though it is one of the roots of the likelihood equation. Even so, in such an
example, there will exist a consistent sequence of roots. This theorem gives
no hint as to which root one should use as the estimate. Exercise 5 gives a
simple example in which there may exist many roots of the likelihood
equation, and many maxima of the likelihood.

However, under the conditions of Theorem 18, if there is a unique root
of the likelihood equation for every n, as in many applications, this
sequence of roots will be consistent and asymptotically normal.
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Passing the derivative under the integral sign.

Lemma. If (d/dO) g(x, 0) exists and is continuous in 0 for allx and all 0 in
an open interval S, and if |(d/dO) g(x, 0)\ < K(x) on S where JK(x) dv(x)
and if Jg(x, O)dv(x) exists on S, then

"g(x,0)dv(x) =j —g(x,0)dv(x).

Proof- From the Mean-Value Theorem,

) + - >
gx e +s) -g(x. o) 8% 0+ A8) dk <K(x),

so that the result follows from the Lebesgue Dominated Convergence
Theorem by taking the limit as § -* 0 on both sides of

jg(x, 6+8) dv(x) —jg(x, 0) dv(x)
8 ~

felx, 0+ 8) -g(x,0)
-J - =

EXERCISES

1. Find the MLE and its asymptotic distribution for
(@) /(x10) = 0x9~xK)) <x < 1), © = (0,).
b)fix|0)=@1 - 0)0Xx =0,1,2,...,© = (0,1).

2. Find the likelihood equations and the asymptotic distribution of the
MLE for the parameters of the gamma distribution, &ia, 8),

f(x\a, p) = r(*"pax“~‘exP(~x/P)I(x > 0),

© = {(a, p): a>0, >0}

[Note: In the solution, you should encounter the digamma function,
fXa) = d/da log T(a), and the trigamma function, =F(a) =
(d/da)f(a)]

3. Find the likelihood equations and the asymptotic distribution of the
MLE for the parameters of f(x\0{, 02) = exp{—02cosh(jc —0)) -
£(02)) where the parameter space is 0 = {(01?702): 02> 0}, and where
£ is the normalizing constant, £(02) —log exp{—02 cosh(jc)} d.

4. Additivity of Information for Independent Random Variables. Let X and
Y be independent random variables with densities depending on 0 and
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assume that Fisher information, J*(0) and J*y(0), exists for both X
and Y. Show that Fisher information for the pair, (X, Y| is given by
J21(0)=J7(0) +JV(0).

5. Let X{ ..., Xn be a sample from the Cauchy distribution, ££(0, 1), and
let X(l),..., X(® denote the corresponding order statistics.

(a) Show that if X(® >X(n_§ + 2n, then In(0) has a root in the
interval (X®) - 1, X{n).

(b) Show that P(X(m > X(n_»y + 2n) converges to a positive limit as »
tends to infinity. (See Example 3 of Section 15.)

6. What was thought to be a certain species of moth is attracted to a
capture tank at rate Aper day. One the first day, the number X of
moths caught was recorded. It is assumed that X has a Poisson
distribution with mean A Later, it was pointed out that this species is,
in fact, two different similar species, so a second day of capture was
undertaken. This time, the numbers Y{ and Y2 of moths caught of these
species separately were noted. It is assumed that these are Poisson
random variables with means A and A2, where Aj + A2= A and it is
assumed that X, Yu and Y2 are independent.

(a) Using X, YO and Y2, find the maximum likelihood estimate of
and A

(b) Assuming A and A2 large, what is the approximate variance of your
estimate of A,, as a function of A and AX?

7. Let Xx..., Xn be a sample from the distribution with density

where 0; > 0 and 02> 0 are unknown parameters.

(a) Find the likelihood function in terms of the sufficient statistics,
N =EX;KXj>0)and S2= -L X, I(X; <0). Note 5, > 0 and
52> 0 but S = 0 or S2= 0 with positive probability.

(b) Find the maximum likelihood estimates 6{ and 02 as solutions of
the likelihood equations.

(c) Find the Fisher information matrix.

(d) What is the joint asymptotic distribution of 0, and 02?
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The Cram”r-Rao Lower Bound

In this section, we prove the information inequality. This inequality
relates the variance of an arbitrary statistic to Fisher Information. When
applied to an estimate of a parameter based on a sample from a distribu-
tion, this inequality is known as the Cramer-Rao lower bound. If an
unbiased estimate attains the Cramer-Rao bound, it is automatically a
best unbiased estimate. We will see that the bound for unbiased estimates
may not be achievable, and even if it is achieved, the achieving estimate
may not be admissible. In the investigation of the inequality for a vector
parameter, we note the effect of not knowing the values of nuisance
parameters.

We start with the simplest case, that of a one-dimensional parameter
space, ©. Let X (possibly a vector of observations) have density f(x\6)
with respect to dv(x) for OEO, an open interval in Ul. When
(d/dO) f(x\0) exists as a random variable, Fisher Information may be
defined as

finite expectation, g(9) = Ee0(X). Assume that (d/dO)f(x\0) exists and
that 3/30 can be passed under the integral sign in //(x\ 6) dv(x) = 1 and in
fO(x)f(x\0) dv(x) = g(0). Assume that 0 where J{0) is Fisher
Information. Then for all 0,

(2)

126
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Moreover, equality holds in (2) for some value 0 if and only if
(d/80)log f(x\0) and 0(x) are linearly related.

Proof. Let ty(x, 0) = (d/d$)\og f(x, 0). Then, by the regularity condi-
tions,

EeV{X,9) =f-~f(x\0)dv(x) =0

for all 0, and

g'(0) =fe (x)—f(x10)dv(x)

= Ee0 (X)V(X,0) = cov,(0 (X ), (",0)).

Now using the inequality cov(t/, V)2 < var t/* var V' (the correlation c-
efficient is between -1 and + 1) with equality if and only if U and V are
linearly related, we find

g'(0)2<var96 (X) evar, 0),
which completes the proof because J*(0) = var0 WiX, (). =

Remark 1. The moreover part of this theorem, that equality holds in (2) if
and only if (d/S0)\og f(x\0) and 0O(x) are linearly related, means that
there is equality in (2) for some fixed 0 if and only if for that 0 there are
constants, a/ and b\ depending on 0, such that "Kjc, 0) = bf(x) + d.
There is equality in (2) for all 0 if ad only if ~(jc, 0) has this form for all
0; that is (after integrating on 0), logf(x\0) = 0(x)b(0) + a(0) + c(x).
In other words, 0(x) achieves equality for all 0 in the information
inequality if and only if 0(jc) is a natural sufficient statistic of an exponen-
tial family

J(x10) = exp{0 (x)b(0) + a(0)]h(x) 3)

with respect to some measure dv(x).

As an example, the density of the beta distribution, <%g(q, 1), written in
exponential form is f(x\a) = a exp{(a - Dlog(jc) + log(a)}{ (0 <x < 1)
for a > 0. Thus, 0(x) = -log(jc) is an unbiased estimate of its expecta-
tion, O(a) = Ea(-lo"iX)) = 1/ a, that achieves equality in (2) for all a.
(See Exercise 1.) Moreover, -log(A") is the only function of X, up to
addition and multiplication by scalars, that achieves equality in (2) for
al a



128 A Course in Large Sample Theory

Remark 2. It is interesting to view this inequality in terms of the bias of
the estimate. The bias of 0(X) as an estimate of 0 is defined as
b(0) = Ee0(X) —0=g(0) - 0. Then, because g7.0) =1+ b'(0\ we
have as a lower bound on the variance of 6,

var* 0 (*) > (1 +b'(0))2JH0).
If 0(X) is an unbiased estimate of 0, then 6(0) = 0, so that
var#t 0 (X) > 0) 1

provides a lower bound for the variance of an unbiased estimate of 0.

If Xi,..., Xn is a sample of size n from f(x\0), then the Fisher
Information computed from 7/fix"~O) is n times the Fisher Information
based on a sample of size 1,

Sn(9) =var,|-*logn/(A'J|0)] = L varo (* log/(*y|0)] =nJ*;(0).

Combining these observations, we obtain a lower bound for the variance
of an estimate 0(XU..., Xn) of 0 based on a sample size n from f(x10),

0 +’>V(|5))5
varn 9 <r........ *> £ ’

where 6(0) is the bias of 0, and J*(0) is Fisher information in a sample of
size 1. This inequality is known as the Cramer-Rao lower bound.

Example 1. Given a sample Xu ..., Xn from the gamma distribution,
&(a, /3), with a known, we obtain as a lower bound for the variance of an
unbiased estimate p of P,

because ~K/3) = a/P2 as computed in Exercise 2, Section 18. In this
problem, Sn= £" Xj is a sufficient statistic for/3 and Sne &(na, p) so
that ESn =nap, and varSn=nap 2 Hence, p = Sw/na is an unbiased
estimate of p and var* p = (varSn)/n2i2=naP2Zn2= p Zna. Thus,
P =Xwa isji best unbiased estimate of p. This result also follows from
the fact that X' is a complete sufficient statistic for p, and any function of
a complete sufficient statistic is a best unbiased estimate of its expectation.
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Example 2. Suppose in Example 1 we want to find a bound on the
variance of an unbiased estimate of 0 = 1//3. We may use the information
inequality directly with g(/3)= 1//3 or, equivalently, we may change
parameters to 0=1//3 and apply Cramer-Rao. The former gives
(- Vf82)Dp2na = V/nap?2 as a lower bound for the variance of an
unbiased estimate of g(/3) = 1//3. Straightforward computations give
EN/S,,) = V(na - Xfi and var(1/S,,) = V/(na - 1)2(na - 2)ft2 Since
0 = (na - 1)/Snis an unbiased estimate of 0 = 1//3 and a function of a
complete sufficient statistic, 0 is a best unbiased estimate of 0 = 1//3, yet

— 2 /M 1
var0 = (na —1)" var SnJ " (na —2)p?

This is strictly greater than the Cramer-Rao lower bound. This shows the
Cramer-Rao bound may not be attainable.

Example 3. Let X/9..., Xn be a sample from /4, a 2) with /x known.
To estimate g(a) = a 2 Example 2 of Section 18 and the information
inequality with g'(cr) = 20 give (2a)2n(2/cr2) = 2a An as a lower
bound for the variance of an unbiased estimate of a2 Since a 2=
(V«)ET(At- 42 is a complete sufficient statistic and an unbiased esti-
mate of a 2 it is a best unbiased estimate of a 2 Moreover,

varo-2= (1/n2) £1 var(X{- s)2=n<*2a4n2=2a4n,

so the lower bound is attained. However, there a biased estimate that is
better; that is, there is an estimate with uniformly smaller mean-squared
error, namely a 2= (I/(n + 2))E"(A"/ —/z)2. Because the mean-squared
error is the variance plus the square of the bias, we have

MSE0(<12) = 2na4/(n + 2)2+ ((na2(n + 2) —cr2)2=2cd(w + 2).

This is less than MSE"Xcx2) = 2 a 4/n. Just because an unbiased estimate
has a variance that achieves the Cramer- Rao lower bound does not mean
it is any good.

Generalization to a Vector Parameter. The generalization of the information
inequality to fc-dimensional (@ requires comparison of covariance matrices.
Given two k x k covariance matrices Xi and X2, we say X{> X2 if
2, —X2 is nonnegative definite, that is, if a'(X, - X2a > 0 for all
~-vectors a.
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Theorem 19'. Let X have densityf(x\d) with respect to dv(x) for 0 ~ & an
open set in R* and assume that Fisher information, J*(0), exists and
is nonsingular for all 0G 0. Let mx) be an r-dimensional vector such

that g(0) = i"OCZ) exists on ©. Assume that (d/dQ)f(x\Q) exists and that
d/d% can be passed under the integral sign in ff(x\Q) dv(x) and

JOX)f(x\Q)dv(x). Then,
vare 0( A") > g(e)Jr(0),g(0)T,

where J*(0) is the Fisher information matrix and g(0) is the r X k matrix of
partial derivatives of g(0).

Proof. Let 0) =((<Y<"0)log /(A:]|0))r, a k vector. As before,
£0 (*,0)=0, and g(0) « cove(6(JT), VIT,0)).
Hence
vare(0 - gJ*O)'1")
=vare0 - 2cove(0,gJ(0)" 1) + vare(g”™(0) I*I')
= vare 0 —2cove(0, *P")Jn(0) 1gr + 1 vare SK/(0)-'gr
=vare0 - 2g”(0)“1gr + g"(0)~"*(0)S(0) ~'gr

=vare0 - gJ*O)“'gr>0. =m

Remark 3. The Cramer-Rao lower bound for the variance of an unbiased
estimate of a vector 0 based on a sample of size n is, since g(0) = L,

var,

Note the effect of nuisance parameters. If it is desired to estimate 0/
and the rest of the parameters are known, the lower bound is 1
where ", (0) is the upper left component of J*(0). If the other parameters
are unknown, the lower bound is “fu(0)/n where J*CO) is
the upper left component of It may or may not happen that

V fu(B).
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Example 4. In the JK a2) Example 2 of Section 18, we found

Hence,

In this case, there is an unbiased estimate of /z namely, Xn, whose
variance achieves the lower bound of a 2/n, this bound being the same
whether or not a-2 is known.

Example 5. In“the &(a, (3) example of this section, we saw that for a
known, ft = Xw/a is a best unbiased estimate of /3 achieving the
Cramer-Rao bound. If g is unknown we cannot use this estimate. In fact,
because the inverse of Fisher information (Exercise 2 of Section 18) is
o1
Vi [ «/j62 —1//3
«#(«)- 1 - 1//3 #(a)

no unbiased estimate of /3 can have a variance smaller than
f3%(a)/n(a¥(a) — 1), which’is greater than f32na, the bound when a
is known, obtained by using Xw/a.

EXERCISES

L Let Xy...,Xn be a sample from the beta distribution, &e(0,1),
f(x\0) = 0xd~}(O <x < 1). (a) Find the MLE of 1/0. Showjt is
unbiased and achieves the Cramer-Rao lower bound, (b) Show X7 is
an unbiased estimate of 0/(0 + 1). Compare its variance to the
Cramer-Rao or information inequality bound.

2. Consider the bivariate normal with density

21 - p2)

_2P
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(PVP2> a2 p). Checking my computations:

1
0= P2
\/a ?>l< P/ (#i(i2 0 0 0
p/e\ R (2 0 0 0
X 0 0 Q- pI/<re -p2<II2 -P/o’'1
0 0 ~P2<ri& (2- P)/(r2 P/*2
0 0 ~P/<rl -p/<r2 1 +p2/Q1 -
paja? 0 0
102 0 0
~(0) 1 0 0 of/2 pD-02 2 pa1 - p:
0 pPD<iY 2 22 poXl - p

0 0 pId-p2/2 pep ~Py)/2 (1-p2

. Assuming this is correct, find a lower bound for a sample of size 7, for

the variance of an unbiased estimate of:

(@) /uf - fi2,

(b) /XgitTj,

(c) a2 = paxa?2

. Let Xu..., Xn be independent random variables having Poisson distri-

butions with means exp{0z)}, ..., exp{0z,}, respectively, where zv ..., zn

are known real numbers. Find the Cramer-Rao lower bound for the

variance of an unbiased estimate of 0 based on Xx..., Xn

. Suppose that X has a uniform distribution on the interval (0, 0), where

Oe ©=(0,00)

(a) Note that 3/00 cannot be passed under the integral sign in
ff(x\0) dv(x) = 1.

(b) Show that varO((<2<*H)logf(X, 0)) = 0, so that the Cramer-Rao
bound is infinite.

(c) Note that 2X is an unbiased estimate of () and has finite variance.



20

Asymptotic Efficiency

In this section, we define a sequence of estimates to be asymptotically
efficient if the Cramer-Rao lower bound to the variance is achieved in the
limit. In an aside, we note the phenomenon of superefficiency. But our
main objective is to see how to improve a subefficient sequence of
estimates by the method of scoring, and to show that one application of
scoring is usually enough to achieve asymptotic efficiency.

Under the conditions of Theorem 18, the MLE OWwas seen to be
asymptotically unbiased in a reasonably strong sense, because whatever be
the true value of 0, yfn(OW—0) is asymptotically normal with mean zero.
In addition, the asymptotic variance of the MLE is (1/nX>KO0) “1 which is
the Cramer-Rao lower bound for the variance of any unbiased estimate of
0 based on a sample of size n.

Definition. Let X/9X2 .-, be iid. random variables with distribution
depending upon a parameter 0 ¢ ©. A sequence of estimates {§,,} of 0,
with 0,, a function of X /..., Xn, such that }fn(On —0) 2(0))
whatever be the true value of 0, is said to be asymptotically efficient if
S(0)=1Jt0) Jforall 0 e 0.

By definition, the MLE is asymptotically efficient under the conditions
of Theorem 18. Certainly, no sequence of unbiased estimates can have a
smaller variance asymptotically for any 0. We would like to say that no
sequence of estimates satisfying the asymptotic normality condition can
have a smaller variance asymptotically for any 0. That this is not quite true
is seen in the following example due to J. L. Hodges. (See Le Cam (1953).)

133
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Example 1. [J. L. Hodges] Let & be MLEs (in one dimension), such that

)fi(On—0) m5~(O,wKO0)“1), whatever be the true value of 0, and let 00
be an arbitrary value of 0. Define

. (09 ifvmih- 00 <1,
I * L
{On, ifyfn\0n- 000 > I.
If 0 =£ 0Q then
pe(On * ) <pe(falen- 0 o\ <i)
<pe(\0-00\- 10,- O <1V)
=pe(\l-el> 10-00\- 1/"1)

=P9jn\0n- O\ S im\0- 00 - {n) -»0.
Hence, & and @ are asymptotically equal, and

va (i - 0) " j o, jn0)~l
If 0 = 0Q then

Peii = en)=P(ftilen- e0i<i)

- 0d <v™) 1.

Hence, when 0 = 0Q \/n(0, - 09 -*Ji.0,0). We find 'fn(0n —
0) 0, a 2(d)) where

\o, e- 0.
Thus, (h is a superefficient estimate.

Improving Subefficient Estimates. The method of moments ordinarily pro-
vides asymptotically normal estimates. Sometimes these estimates are
asymptotically efficient [for example, in estimating 0 in <*(0) by X», and
(02 in JXfjLo’2) by (Xns2), the method of moments and MLE
coincide] but usually they are not. One would like to use MLE, but this
has the disadvantage of being difficult to evaluate in general. The likeli-
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hood equations, /,,(0) = 0, are generally highly nonlinear and one must
resort to numerical approximation methods to solve them. One good
strategy is to use Newtons method with one of the simply computed
estimates based on the method of moments or sample quantiles as the

initial guess. This method takes the initial guess, 0(©, and inductively
generates a sequence of hopefully better and better estimates by

el d=el)- i (eli)" V,(e(*>), *-0,1,2,...

One simplification of this strategy can be made if the Fisher information
matrix is available. Ordinarily, (1/n)inQfk)) will converge as n o to
—/KQ) and so can be replaced by -<S(O/k)) in the iterations.

§C+d = &> +s(eY~I(i/n)in(e(k), k=0,i,2,....

This is the method of scoring. The scores, JtQk)~I(1/n)In(Qk), are the
increments added to an estimate to improve it.

Example 2. (Logistic) Let X{ X2 --',Xn be a sample from density

el 0y
(1 + el —(x - 0)})

The log-likelihood function is

f(x16)

UO) =-£(*/- <0-2£ log(l +exp{-(Z:- 0)}),
and the likelihood equations are

n , 1+ exp{A'y —0; 2

Newton’s method is easy to apply here because

Even easier is the method of scoring, since JtO) = j [*(0) is a constant
for location parameter families of distributions.] As an initial guess we
may use the sample median, mn, or the sample mean, Xn. The asymptotic



136 A Course in Large Sample Theory

distributions are

dn(mn- 0) S%ilo, v 2 =J%0.4),

m m
Jn(Xn- 0) 0,7-J =/1(0,3.2899...).

Since for the MLE, dn,
yfe(On- 0) »>j10,jr(0yl) 0,3),
it would seem worthwhile to improve mn or Xn by an iteration or two of
2 " 1
1 --E. .
n i exp{Xj - 0} + 1

0<*+i> = §(*) + 3

Example3. (Gamma) Let X{,...,Xn be a sample from density
/(jclar,j8) = 1/(r(a)” ) exp{ —=/f3}xa~ll(x > 0),

where ¢ > 0 and /3> 0 are unknown. The log-likelihood function is

/u(«,/?) = —nlog T(a) —na log i —(1//3) E-~ + (a —1) logFL Xj.
1

The likelihood equations are

-nF(a) - nlog £ + E I°g ¥ =
i

na 1"
------ + —7T.X =0,
P P

where -F(a) is the digamma function. This simplifies to

aP—Xn

a) +log3=- E logkX.
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To solve these equations, we may use Newton’s method with

=F(a)
~P
Ltarp) == 12X, - @3
H P3

where f(a) is the trigamma function, or the method of scoring with

f(«)
1
~P P

S(a,i8) =

The scores are
S(a,py’ -lIn(a,p)

- log Xj - F -1
, . . £ log Xj (a) og 0

P I32%(a) 1 _ a
JIXn~~p

a 1
; -/IIj log Xj - aHF(a) - a log O - -p(*,, - a/B)

oe¥(a) - 1
“E logAb+ 0F(a) + Plog 0 + *(«)(*» - a

As initial values, the method of moments may be used. This entails solving
Xn= and s\ = a/32 for a and /3: a = X 2sj and /§= s/ Xn

In this example, one of the likelihood equations can be solved easily,
a/3 =Xn, for /3 in terms of a say, /3= (1/a)Xn which may be substi-
tuted into the other equation. This gives one equation to be solved for a :
r-(a) - loga = (1/ri)Ysi 1°g » —log Xn. Newton’s method on this
equation leads to the iteration:

(I/n) E logXj - log Xn- F(«*>) + log a<™>

a<*t» = «(*> + 1
)
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Starting with <{0) = X 2s 2 this leads to the same sequence of estimates _as
above with initial values as given, since we will always have a fp () = Xn.

Once is Enough. In improving asymptotically normal estimates by scoring,
one iteration is generally enough to achieve asymptotic efficiency!

Theorem 20. Let On be a strongly conmsistent sequence such that yfu(On -
0) — 2 (0)) when 0 is the true value of the parameter, where 2 (0) < 0
for all 0. Then under the assumptions of Theorem 18, both estimates

=e, - /;(e,) V,(e,) and gFf=34§, +j/bn)~\\/n)in{bn)

are asymptotically equivalent to the MLE, and hence are asymptotically

efficient.

Proof. Let On be a strongly consistent sequence satisfying /n(0,,) = 0.
Expanding /n(On) about On,

4 (en) = /n(§”) + fX(e» + «(en - e”)) dV(bn - e”):
and using

(610 - e”) = (@5 - e,,) - lin(*n),

we find
- e’s) = [1 -/;(§”) jf/\(e, + «(§” - e” )/\JVA(e” - e”)'

Because as in the proof of Theorem 18, (1/ n)In(Cn) -~K0) and

- /N (®« + - &) dv ™ - -w

from the Uniform Strong Law of Large Numbers, the term in square
brackets converges to zero almost surely. The last term, !fn(On~0,,) =
MK - ¢)- iMe,, - e), is bounded in probability because both terms
are asymptotically normal. Hence, {n (0(I)- On) * 0 as n -> o The
argument for 0* is identical. m
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EXERCISES

L

Show that Fisher Information is

(a) | for the logistic distribution Jz?(0, 1).

(b) <y(0) = j for the Cauchy distribution W(0, 1).

Let X/9...,Xn be a sample from the Cauchy distribution, ~(0,1).
Find the likelihood equations. Find the scores. What is the asymptotic
distribution of the median? What is the asymptotic distribution of the
median improved by scoring?

Let X{...,Xn be a sample from a mixture of gamma distributions:

f(x\0) =1 - 0)e’x+ Oxe~x]l (x >0),

where 0 < 0 < 1. What is the estimate of 0 given by the method of
moments? What is its asymptotic distribution? Show how to improve
this estimate by one iteration of Newton’s method applied to the
likelihood equation.

. Let X{9..9Xn be a sample from an exponential distribution with

density /(x10) = Oe~(d(x > 0), where 0 > 0 is an unknown parameter

to be estimated.

(a) Find the asymptotic efficiency of (¥ the estimate of 0 given by the
method of moments.

(b) Show that, out of all distributions with mean 1/0 and variance
1/02 that satisfy the conditions of the Cramer-Rao inequality,
Fisher Information is minimized by the above exponential distribu-
tion.
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Asymptotic Normality
of Posterior Distributions

Bayes estimates provide another class of asymptotically efficient esti-
mates. We assume that O is chosen from © an open subset of Uk
according to a prior density g(0) with respect to Lebesgue measure, dO,
and that g(0) is continuous and positive on ©. The posterior density of 0,
given a sample X { ..., Xn from fix 10), is

, (n/(*,ie))s(»)
=— r

Sleu. - _Lu(e)g(e)

/0(n/(~1e))g(0)d0  JBLn(9)g(9) do

The conclusion of the Bernstein-von Mises Theorem below is that this
posterior density is close to a normal density centered at On, the MLE of
Theorem 18, with variance (1/w)J*(00)_1 when 0Ois the true value. More

precisely, the conditional density of ft = y/n(d —Q given the data,

Laa((l//\)d +e”)g _/\d +e”

fn(O\xt, ..., xn) = "
/1, ((/VIT)« +0,,)* ((i/"> +e,,)d*

approaches the density of *tO,"(00) 1)as n > m

|det” (e0)|1/2
» exp{-10"(60)0}.
@ev)k

Note that this limiting posterior distribution is independent of the prior
distribution, g(0). This version of the theorem is due to Le Cam (1953).
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Theorem 21 (Bernstein-von Mises). Assume that g(0) is continuous and
that g(0) > 0 for all 0 e 0 . Under the assumptions of Theorem 18,

L""n¥ & { ~ +9/}/n) exp{-|dDxe0)d}g(e0),

L nlyn)

where On is the strongly consistent sequence of roots of the likelihood equation

of Theorem 18. If, in addition,

+d/N ) d*¥ N ] exp{-}»"r(e0)d} d%g(%),

S #0 )

then

f\fn(Z\x1,..., xn)-cp(*)\dV"0.

Proof. L,,(0) = exp{/,{0)}. Expand /,,(0) about 0,

Iy = in i)+ I(e)(e - §,) - n(e - 0,)ri,,(0)(0 - ©),

where
In(0) = —-fIf NI(On+ uv(o - 0,,)) dudv.
n'JoJo

With probability 1, /,,(0 = 0 for n sufficiently large, so
= eXp(-n(O - 0’7)r1n(0)(0 - 0”)\'
Ln/'ln) \Y '

Since (1/«)/n(0) converges uniformly to Ee iji(", 0) in a neighborhood of

0 0(as in the proof of Theorem 18), and Ee jjKA", 0) is continuous in 0 and
equal to -JKO00) at 0 = 0Q
I
1§,y + 9/ifn ) = —f If'vi™0,, + ) dudv  ~J1(00).

Hence,

=exp{-i«rl,(0,,+ d/i/n)d}g(e,, + 9/7/H)
exp{- id [f( 00« }g(00.
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The final sentence of the theorem follows directly from Scheffe’s Theo-
rem. =

Example. Let X/9...,Xn be iid. ~(1,1/0), /U|0)= Oe~exI (x > 0)
and let the prior distribution be ~(1,1), g(6) = e~el (0 > 0). The poste-
rior distribution is

g(6\xi,...,x,) a 6"expj-el*Z,. + 1jj/(0> 0),

namely & + 1,1/(E" Xt + 1)). Because n(6) = nlog0- 0 £”.Xi9and
In(6) = (n/6) —£" Xi9 the MLE is = I/Xn. Fisher Information is
J*0) = 1/02, so the Bernstein-von Mises Theorem says that the posterior
distribution of yfn(6 - [/Xn) should be asymptotically J*O, 0q). This can
be seen directly. In B), p is a scale parameter, so the distribution of
(L" Xt+ 1)0 given X19..., Xn is &(n 4 1,1), which being the sum of
n + 1independent & (191)s is asymptotically normal with mean » + 1 and
variance n + 1, from the Central Limit Theorem. That is,

(« +DY»-(« +)» =
itm

1 9

Since 1/0Q we may conclude almost surely,

and hence
i-J ~ (0,00.

The Bernstein-von Mises Theorem condudes something slightly stronger,
namely, that the density of /fn(d - (1/ Xn)) converges almost surely to the
density of */K0, 0q)

Asymptotic Efficiency of Bayes Estimates. Suppose the loss is squared error,
L(0,a) = (0 —a)r(0 - a), so that the Bayes estimate given a sam-
ple X19...9Xn is 0,=£(0\Xv ... 9Xn). Assume we can interchange
expectation and the limit in the Bernstein-von Mises Theorem; that is,
assume that the conditional expectation of d = \/n(0 - On) given
X9 ..9Xn converges almost surely to zero. Then VAAT(On —0,,) 0 so
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that the Bayes estimate and the MLE are asymptotically equivalent (On is
much closer to On than to 60). Hence,

-e0) Zjlo,s{90y x,

that is, the Bayes estimate is asymptotically efficient.

Using this, we can give a stronger version of the asymptotic optimality of
asymptotically efficient estimates. Although an asymptotically efficient
sequence of estimates can be improved asymptotically at a single parame-
ter point by the method of Hodges, and similarly for any finite set of
points or even a countable set of points, such estimates cannot be
improved on a set ofpositive measure. Suppose that 0* is a sequence of
estimates such that //n0* - 0Q — 2 (00) when 00is the true value
of 0 and that 2 (0) <~K0)~1 for all 0 and 2 (0) <~K0)-1 for 0 in a set
of positive measure. Then again assuming interchange of expectation and
limit,

/ Et@n - 0)2g(0)de< IEe(0,,- 0)2g(0) do

for n sufficiently large, contradicting the assumption that On is Bayes with
respect to g(0) dO In other words, no sequence of estimates can improve
asymptotically on the MLE (or any asymptotically efficient estimate) on a
set of positive measure.

EXERCISES

I Let X19..., Xn be a sample from the Poisson distribution with proba-
bility mass function, f(x\9) = e~e&x/x\ for x = 0,1,2,..., where 9>
0. Suppose that the prior distribution of 9 is the inverse power
distribution with density, g(9) = 1/(0 + 1)2 for 9> 0. What approxi-
mately is the posterior density of 9 g(9\Xy,..., Xn)9for large n/ In
what sense is this approximation valid?

2. (A Bernstein-von Mises type of result for a nonregular distribution.)
Let X{...,Xn be a sample from the uniform distribution on the
interval (0, 9), where 9¢ © = (0, °0). Assume that the prior distribution
of 9 has a density, g(9), that is bounded, continuous, and positive on
©. Let 90 denote the true value of 9, and let Mn = max{A"l5..., Xn} =
MLE of 9 Show that the posterior density of ft = n(9 —Mn) given
X19..., Xn converges to the density of the exponential distribution with
mean 00
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Asymptotic Distribution
of the Likelihood Ratio Test Statistic

Let X19..., Xn be a sample from density fix|0) where 0 ¢ © ¢ Uk
The likelihood ratio test provides a general method for testing H0: 0 e ©0
versus H{- 0 ¢ © —@p for a given subset @0 of ©. This tests rejects HO
when the likelihood ratio test statistic,

sup n/(*,ie)
X _ 6e®0 1

! (s)ggn?(Aﬂ@) )

is too small, where 0* is the MLE over ©0, and On is the MLE over @
When the sample size is large, evaluation of a cutoff point can be
facilitated in many important situations by the following theorem. These
situations occur when ©0 is a ik —r)-dimensional subspace of ©. Writing
the components of the vector 0 e as 0r=(0102..., 0%), we assume
the null hypothesis is of the form

“n\“n) /1X

t (a 1

HO:  01=02= - = 0r=0 )

where 1 < r <k More general situations, in which H0 is of the form HO:
2j(0) =+++==gr(0) = 0 for some smooth real-valued functions g19..., g7,
can be put into this form by a reparametrization. The integer » represents
the number of restrictions under the null hypothesis.

144
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Theorem 22 [Wilks (1938)]. Suppose the assumptions of Theorem 18 are
satisfied and that HO: 01 = 02= <+ = 0r= 0 where 1 <r < k. Suppose
that the true value 00 satisfies HO. Then

-2 log An ~*Xr- 3)

Proof. -2 log A, = 2[/,(©,)) —/,,(0*)] where 0,, = MLE over ©, and 0* =
MLE over ©0. Expand /,,(0*) about 0,,:

= *m(«) + 4(e,,)(e* - ®) - »(*: - en)Ti,,(efi)(etd - *,,),
where

1 1
I«(O*) = - W.vo 0 + NIY(O* - .')) N A A

as in the proof of Theorem 18. For sufficiently large n, /,,(6,,) = 0, so
-2]Og Aa = 2“(0* - O”)TI”(O*)(O* - ©”)

Nn(O*'O”)V(00)(0”*'0”)' (4)

If HO were simple, say HO: 0 = 00, then 6* = 00 and we would be

finished, because we know [fn(Qn —00) J*(60) 1). To find the
asymptotic distribution of }fn(6* - O1t) in general, expand /,,(0*) about 0,

Thus

A («”* - O”) ~ 80)-' ) (5)
and

-2log A, ~ "~ i m(Q*)Tjr(0oy I~ in(K)- (6)
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To find the asymptotic distribution of /,,(8*), expand about 0Q

- %)) dv (@ - <o),

(7)

1

_I'UK> —rn Oo) + -/
n Jq

Partition «X00) into four matrices,

rXr rX (k-r)
G,
(k —r) Xr (k —r) X (k —r)
Gl
and let
H 0 0
0 GJ1

Note that the last & —r components of /,,(©*) are zero, so that H/,,(0*) = 0
and

H*U,(e°) ~ HI*00) " (0,*- 00 = \fn(Q* - 00

since the first r components of 0* and 0O are zero. Substituting into
Eq. (7), we find

~T[i -~ (0 0)H]-"/,,(00).
yn yn

From the Central Limit Theorem,

N, (00 = v/N,,(©0) 2O, (00)).

Hence,
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so that from Eq. (6),

“2log A, Yr[l-2(0OH] ¢ 0) L[l -7(00)H]Y

Yr[*1(00)“]l - H]Y [because HIn(00)H = H]
=Z"(00)12[*(e0)-" - h]*(00) 12z,

where Z =J*(00) 'l/2Y ~JiO, 1)). It is easily checked that the matrix
P 00)1/2[Jt00) 1 - H[Jt00)12 is a projection and that rank(P) =
trace(P) = trace(j*00)[jt00)-1 - H]) = traced -J*(00)H) = r. There-
fore —2log A, ZTPZ ¢ "12, as was to be shown. m

Note: The maximum-likelihood estimates that appear in the definition
of Xn may be replaced by any of the efficient estimates, such as those of

Sections 18 and 19, without disturbing the asymptotic distribution of
-2 log A,

Example 1. Let X 4...,Xn be a sample from J/{f /i1, cr2). Find the likeli-
hood ratio test of the hypothesis H0: s = 0, a = 1. Here r = 2 and

Ln( A?cr) m— exP

so that

since the maximum-likelihood estimates of i/i,a) under © are jii =X,
and a 2=s2= (1/«)E" ("™ - X)2. Hence,

2log A, = -n logs2+ Y,Xf ~n%> xlI

when HO is true. At the 5% level, we reject HO if

-2 log A, > xlo.os = 210g20 = 5.99... .
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Example 2. Let X{...,X Chave a multinomial distribution based on =
trials, each resulting in one of ¢ outcomes (cells) with respective probabili-
ties pc where pt > 0 for all i, and EJ p{= 1. Thus,

provided Xt are integers > 0, and EJ X¢# = n. Consider testing the hy-
pothesis HO: p{= e+ =pc= 1/c. Even though it appears that there
are c¢ restrictions, we have r = ¢ —1 because of the original constraint
EJ Pi — 1. The maximum-likelihood estimates of the p¢ under © are
Pi = Xj/n for i= 1,..., c. Hence,

and

under //0. The usual test of //0 in this situation is of course Pearson’s | 2

Power. We may also find an approximation to the power of the likelihood
ratio test at an alternative close to the null hypothesis. Suppose that 0 is
the true value and that 0Ois the parameter point in HQthat is closest to 0.
Define 8 = {n (0 —00. As in the discussion of the power of Pearson’s x 2
test, we take 0 to be converging to 00in such a way that 8 is fixed. In the
proof of Theorem 22, this changes the limiting distribution of
(1/ Jfm)in(00). 1t may be found by the expansion,

on O)=:v;f1ti*) +:l-(e)V»(e0— «)

* Y 0,J7(00) +~(60)8 =" (~(00)8,1700).
As before, if we let Z =JX00)~12Y, then -2 log An ZrPZ, where
P =~K00)1/2[~K00) 1 H[J*t00)I/2 is a projection of rank r, but this
time Z Gj{j?(00y/28,1)) so that (see Exercise 4),

-2log A, ZrPZe x2(<p)>
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where the noncentrality parameter ¢ is
»= 8" (e0),/2PJ*(00)1/28 = 801(00)[jr(eo)'1- h]”" (00)8.

If we use the form of J¥(0) in terms of the matrices GI9 G2, and G3, the
noncentrality parameter <p reduces to the simpler form,

9=8%6, -G 2Gj'Gj)8r,

where 8r is the vector of the first » components of 8. Note the effect of
nuisance parameters. If O+l,...,0k were known, the noncentrality pa-
rameter would be 8°Gj8r.

Example 1 (continued). Let us find the approximate power at the alterna-
tive fL= 0.2, a = 1.2, when n = 50 and the test is conducted at the 5%
level. First we compute 8r = yfn(0.2,0.2). To compute <p recall that
Fisher Information for the normal distribution is

\ /)2 0

/X, a)
0 2/a2

In this problem the matrix H is empty, so that = SO*(0,1)8 = 6. From
the Fix Tables (Table 3) of the power of xh we find a power of
approximately /3 = 0.58. To get a power of 0.9 at this alternative, we need
P to be about 12.655, so we must increase n to about 106.

Note that in the calculation of the information matrix in < we used the
null hypothesis value, a = 1, but from the point of view of the asymptotic
theory, the true value, @ = 1.2, should serve as well. However, this would
give a smaller value of 4 (p = 4.167, and a power of about f3= 0.43. The
sample size is not yet large enough to smooth out this difference. Perhaps
a better approximation to the power would be given using the compromise
value, a = 1.1 (/3 = 0.50).

EXERCISES

1. Let Xi9...,Xn be a sample from sKfJix,ax2) and Fj,...,Y, be an
independent sample from ay?2). Find the likelihood ratio test for
testing HO: fix = yw and a 2= a 2 and state its asymptotic distribution.

2. Let X{..., Xn be a sample from the exponential distribution with
density f(x\6) = 6 exp{- Ox} (x > 0) and ..., ¥n be an indepen-
dent sample from f(y Vji) = p,exp{ —ny}! (y > 0). Find the likelihood
ratio test and its asymptotic distribution for testing HO: ji —20.
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3. For i=1,...,&, let Xn, Xi2,..., Xin be independent samples from
Poisson distributions, ~(0,), respectively. Find the likelihood ratio test
and its asymptotic distribution, for testing H0: 6X= 02= = = (k.

4. Show that if Z 8,1)) and if P is a symmetric projection of rank r,
then ZrPZ £ "12(8rPY).

5. (a) Consider the likelihood ratio test of //0: 41 = 0 against all alterna-
tives based on a sample of size n = 1000 from a normal distribution
with mean 4/ and unknown standard deviation a. What is the
approximate distribution of —2log | n if the true values of the
parameters are 4 = 0.1 and <r= a0 for some fixed <(?

(b) Suppose instead the distribution is &(a, ft) and H0: a = 1 with ft
unknown. What is the approximate distribution of - 2log | n if the
true values of the parameters are @ = 1.1 and ft = /307 (Note that
this distribution is independent of /30.)

6. One-Sided Likelihood Ratio Tests. The likelihood ratio test against
one-sided alternatives is more complex and is no longer asymptotically
distribution-free under the null hypothesis. This may be illustrated in
testing H0: 0 = 00Owhen 0 is two-dimensional. Make the same assump-
tions as in Theorem 22, with k = r = 2 and take 00= 0.

(a) Let | n denote the likelihood ratio test statistic for testing HO:
0 = 0 against //,: 0, > 0, 02 unrestricted. Show that under the null
hypothesis, —2log | n —»0.5xf + 0.5°2 (the mixture of a XI and
a Xi with probability 0.5 each).

(b) In testing //0: 0 = 0 against Hx 6X> 0, 02> 0, 0 =£0, show that
-2 log Xn "+pd0+ 0.5%¥2+ (0.5 - p)xI under HO, where 80 is
the distribution degenerate at 0, and p = arccos( p)/2ir, where p
is the correlation coefficient of the variables whose covariance
matrix is ~K0Q- Thus the limiting distribution of -21ogAn de-
pends on the correlation of the underlying distribution.



23

Minimum Chi-Square Estimates

In this section we treat estimation problems by minimum distance
methods, using a general theory of quadratic forms in asymptotically
normal variables. This theory contains minimum x 2 methods as a particu-
lar case.

We observe a sequence of d-dimensional random vectors Zn whose
distribution depends upon a fc-dimensional parameter 0 lying in a param-
eter space © assumed to be a nonempty open subset of R* where k < d.
It is given that the Zn are asymptotically normal;

VA (z,, - A(0)) */r(0,c(0)), (1)

where A(0) is a d vector and C(0) is a d X d covariance matrix for all
0 ¢ ©. We make two assumptions on A(0):

A(0) is bicontinuous (that is, 0,, > 0 <A(0,,) -» A(0)), (2)
A(0) has a continuous first partial derivative, A (0), offullrankk. (3)

We measure the distance of Z,, to A(0) through a quadratic form of the
type

0.(8) =n(Z,- A0)rM(0)(Z,, - A(0)), (4)
where M(0) is a d X d covariance matrix. We assume
M (0) is continuous in 0 and uniformaly bounded below in the sense

that for some constant ¢ > 0 we have M(0) > al forall 0 e ©.

(5)

151
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A minimum x 2 estimate is a value of 0, depending on Zit, that
minimizes @n(0). With only the above assumptions, a minimum x 2 esti-
mate may not exist. We avoid the existence question by defining 0*(Zn) to
be a minimum x 2 sequence if

On(K) - jnf 0,(0) i 0,

whatever be the true value of 0 e 0.

The main theorem states that every such minimum x 2 sequence is
asymptotically normal, and we find the choice of M satisfying (5) that gives
the minimum asymptotic covariance matrix uniformly for 0 ¢ ©. We will
also see that when Zn is the vector of sufficient statistics from an
exponential family (thus including the multinomial distributions), the
resulting sequence of estimates is asymptotically equivalent to the maxi-
mum-likelihood estimate and is therefore asymptotically efficient.

As an illustrative example, consider Pearson’s”*2. In the notation of
Section 9, d = ¢ is the number of cells, Zn = X,, is the vector of cell
relative frequencies, and A(0) = p(0) is the vector of cell probabilities,
written as a function of some “-dimensional parameter 0, k < ¢ —1.
Pearson’s * 2 is then exactly Q,,(0) of (4), where M(0) = P_,(0) is the
diagonal matrix with the inverse cell probabilities down the diagonal.
Moreover, (1) is satisfied with covariance matrix

C(8) = M(0) - A(0)A(O)r. (6)

The question arises: Can we obtain a better estimate using a matrix, M(0),
different from P~ 1(0)?

To simplify the notation of the main theorem, let 0Odenote the true
value of the parameter, and let A, M, and C denote A(00Q, M(00, and
C(00, respectively. The proof is deferred to the end of this section.

Theorem 23. For any minimum x 2 sequence, Val{[0* —00 XX
where

X = (ArMA) IAr MCMA(ArMA)"1. (7)

The problem now is to choose M to get the smallest asymptotic
covariance matrix for }fn(d* - 00Q- Let 2(M) denote this matrix as a
function of M.

Corollary. Ifthereis a nonsingulard X d matrix MO such that CM0A = A,
then 2(M0) = (Ar MOA) 1. Moreover,

X(M0) < 2(M), for all M.
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Proof.
£(M0) = (ArMOA) *ArMOCMOA(ArMO0A) = (ArMOA)

Moreover,
0< (ma(a7ma)"1- MOA(Arm 0a) 'j
x ¢ (mA(At m A)~' - MOA(ArMOA) 1)
= (ATm A)"iATm ¢ m A(ATm A)~i - (ArMOA)-1 = X(M) - S(M0). =

Note: If C is nonsingular, then one may choose M0 = C"1 to obtain the
best asymptotic covariance. More generally, the condition CMOA = A
implies that the columns of A are in the range space of C. Conversely, if
there exists a matrix X such that CX = A then M0 may be chosen as any
generalized inverse of C. [A generalized inverse of a matrix C is a matrix
C~ such that CC"C = C. Such inverses exist and one may construct them
to be nonsingular; see the Rao (1973) Section 1b.5).] For if MO is a
generalized inverse of C and if CX = A then CM0A = CMOCX = CX = A
Thus, the assumption of the existence of a matrix M 0 such that CMOA = A
is equivalent to the assumption that the columns of A are in the range of
C, and then M0 may be taken as any generalized inverse of C.

Pearson’s | 2 provides an example where C is not invertible. We have
C=P —pprand A= (5/dQ)p. If we take MO = P 1, then

CMOA = (I - pprP DA - (- pITA,

where 1 is the vector of all 1’s. But

so that CMOA = A. Thus, Pearson’s choice of M0 = P"1 leads to the
smallest asymptotic covariance matrix for 4n (0* - 00.

Example 1. The Exponential Family. Let X { ..., Xn be ii.d. with density

/(xk) = h(x) exp{irTT(*) -~p(n)}
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with respect to dv(x) where T(jc) and tr are d-dimensional vectors, and

p(TD) = logjh (x) exp{7rr T(A:)} dv(x)

is assumed to exist in an open set in Rd. Then, EAT(X) = <p(it)t and
var*TCJIO = Let Zn= (1/«)E" T(Jf,) so that from the Central

Limit Theorem, yfn(Zn—cp(it)T) ~ ~ 0 , <p(tt)). Since the parameter
space contains an open set in Rd, < is nonsingular and we choose

Ooni*) = «(Z» - - H" V)

If tt is allowed to range over the entire natural parameter space, then
On(u) has minimum value zero at Zn = so that the minimum | 2
estimates are identical to the maximum-likelihood estimates. This is essen-
tially the class of distributions for which the minimum | 2 estimates are
the same as the maximume-likelihood estimates. It contains the Pearson’s
X 2 since the multinomial distribution is an exponential family.

If tt is restricted, say to be a function of 0, then the MLE and minimum
X 2 estimates may not be equal. However, they have the same asymptotic
covariance matrix. (See Exercise 1.)

Generalized x 2’s
A. Modified x 2- If the matrix M is allowed to depend on Z,, the
resulting quadratic form,

Qn(0) = n(Z” - A(O))7M(Z”7e)(zn - A(O)),

is known as modified *2, and the value that minimizes Qm0) is a
minimum modified x 2 estimate. Neyman’s x 2= XKobs - exp)2obs] is
an example. If condition (5) is replaced by the condition that M(z, 0) be
jointly continuous in (z, 0) and uniformly bounded below, then the mini-
mum modified x 2 estimates are asymptotically equivalent to the minimum
X2 estimates obtained from the above quadratic form with M(Zw0),
replaced by its limit M(A(0), 0). When M(Z,,, 0) is chosen independent of
0, it is usually easier to compute the estimates.

Example 2, Consider Pearson’sx 2with three cells and probabilities depend-
ing on a real parameter 0 linearly, say, pX¥0) = j - 0, p20) =f - 0,
and p3(0) = 20, where 0 < 6 <

2= («i ~w(| - 0)f (n2- n(| - e)f («3~ 2«A)2
* n(j —6) + n(§ - 0) + 2nd
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Taking a derivative with respect to 6 and setting it to 0 leads to a
sixth-degree polynomial equation in 6 With a Neyman x 2,

2 (Pi-n(l-e)2 L ~e)f  («3%2n0)2

the same operation results in a linear equation for 0.

B.  Transformed x 2-Let g: Ud -» IRf have continuous first derivative g of
full rank. Then, by Cramer’s Theorem,

VA(g(z,) -g(A(0))) *"(0,g(A(e))c(e)g(A(e))r)

and

Giy(e) = »(g(z») - g(A(e))r[g(A(e))r iM(e)g(A(e))-,1(8(z,) - g(A(e»)

leads to minimum x 2 estimates with the same asymptotic distribution as
that for the untransformed x 2 found in Theorem 23, and is optimized by
the same choice of M. One may combine modification and transformation
by replacing the matrix in brackets by an estimate. Sometimes the function
g may be chosen so that g(A(0)) is linear in 0.

Example 3. Consider a bioassay problem with response curve FCjcl©), with
n samples at each of the levels x§...,xd. Let n/9...,nd denote the
number of responses at these levels, respectively. We form the x 2-

L_ 4 Fje)2 (@ i) - (1~ Fojo)
Y74 Rjole) n(1- F(*y0))

d (ni-nF (x,1Q))2 * ((nt/n) - F(xt\9))2
—"(jCyl0))  n , F(x,[0)(1 -F (xy]0))

Note the way a Pearson’s x 2 of two cells reduces to a single term.

If F(jt|0) is logistic, /~(jcl0) = (1 + exp{—(a + /3x)}) 1 where 0 =
(a, /3), it becomes a tedious task to compute the minimum x 2 estimates
of a and /3. However, the transformation logit(/?) = log(p/(l —p)) makes
g(F(x]0)) linear: logit(F(jc|0)) = a + /3jc. Because

d
mlogit(p) -
dp p(l-p)’
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the transformed x 2 becomes

X2=mEF(*,)0)(1 - F(x,]0))[logit(*-j - logit® *,1#))) .

Using the process of modification, we obtain Berkson’s logit | 2:

logit-» £ ~(1 - 7)(1°gil(*) - (« + ex,)).

C.  Expansion of x 2 about subefficient estimates. As in the computation of

the MLE, one may improve easily computable but subefficient estimates
by an application of Newton’s method. To find minimum x 2 estimates,
one ordinarily seeks a solution of d/d% (Qn(0)) = 0. In applying Newton’s
method, several simplifications may be made. First in taking the derivative
of Q,,(0), one may pretend that M(0) does not depend on 0. This is
equivalent to using modified x 2 by replacing M(0) by an estimate, taking
a derivative, and then replacing the estimate by M(0). Thus we may work
with the equation

A(0)rM(0)(Z,, - A(0)) = 0.

Second, the equation may be modified by replacing A(0)r M(0) by an
estimate.

Example 4. In estimating the bacterial density of a liquid, the usual
experiment shows whether a given cubic centimeter of the liquid contains
no bacteria or at least one bacterium. If 0 denotes the bacterial density,
the number of bacteria in a cubic centimeter is assumed to have a Poisson
distribution with parameter 0. The probability of success (no bacteria) in a
single trial is then e~e. In estimating bacterial density by the dilution
method, the liquid is successively diluted to several dilution levels,
xv...,xd, and n trials are carried out at each level. At dilution xi9 the
probability of success is exp{ —Ox” This leads to a x2 °f the form of
Example 3 with F(x10) = exp{- 0Ox},

2= f ((/«) ~ eXP{~ OY}H2
* ( exp{-0;t;3(1 —exp{-0;t,}) "’

where nt = the number out of n samples that show no bacteria at level x{£
Pretending the denominator does not depend on 0 and taking derivatives,
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we obtain the equations

* ((nj/n)-acp{-0xj})xj
Zn2T (l-exp{-exj})

Provided nj £ n, we may replace the denominator by (1 —(rij/n)).

D.  Linearization of the side conditions. [Neyman (1949)]. In minimizing
On, A7 = (au ..., ad) may be considered as a vector of parameters subject
to restrictions, called side conditions, due to the dependence of A on 0. If
there are k& independent parameters, there are d - k side conditions on
the a’s: fj(al9..., ad) = 0 forj = 1,...,d - k One may then minimize
On subject to these side conditions by the method of Lagrange multipliers.
A simpler procedure is to minimize Qn subject to the linearized con-
straints, that is, the first two terms of the Taylor-series expansion of the f-
about Zn. The problem then only requires solution of linear equations.

Example 5. In the log-linear model with multinomial sampling of sample
size n and ¢ cells, the cell probabilities pl,.--,pc are assumed to be of
the form

pt=cexpjto + Y, ¥70/j> fori—1,...,c,

where the x4 are known numbers. It is simpler to work with transformed
X2 with each cell transformed by g(z) = log z, g'(z) = 1/z, and modified
so that

c c

0, = «E(log(«,/n) - log(Pi))\n,/n) = £(z, - a,)2n,
1 1

where a{= log pt = 004 Hx"dj and z, = log"n”"n). Although Qn is
quadratic in the 0%, the constraint 1= EJ Pi = EJ exp{"} makes the
problem nonlinear. The expansion of this constraint about z gives

c

1= £fexp{a,} ~ £ expi{z,} + £ exp{z}(a -z,).
1

Because Eexp{z,} = E(nt/n) = 1, the constraint is E = E~-z,-, which
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can be solved for

y-ii-i

Therefore,

and the minimum transformed estimates may be found by solving the
linear equations,

Unfortunately, the resulting af do not quite satisfy the original con-
straint, Efexp{a*} = 1. If it is desired to have this equation satisfied
exactly, we may modify the estimates as follows. Find & so that E" exp{ay}
= exp(S}, and replace 00 by 00—8. The resulting estimate satisfies
Ei Pi = 1, and is still asymptotically efficient.

Proof of the Main Result. We precede the proof of Theorem 23 by some

lemmas. With 0O denoting the true value of 0, we have [fn(Zn —

A(00) 0, C), where C = C(00. We use the metric |[x|| in given by
[|x]|2= xr M (00)x = xr Mx.

We say a sequence of random vectors, W is tight if for every e > 0 there
exists re such that P{|[V2I< rj > 1 —e for all » sufficiently large.

Lemma 1. )fn(Z, - A(0*» is tight.

Proof. Let e > 0. Find r > 0 such that P{/fn\\Zn —A(0Q|| <1} > 1- e/2
for n sufficiently large. Since

p{\Qn(K)~ Oiglg on0) <e{ >1- s/2

for n sufficiently large, we also have for n sufficiently large,
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Because M(0) is uniformly bounded below, we can find 8 > 0 such that
M(0) > SM(0o) for all 0 E 0. The lemma then follows from the implica-
tion

n||Z,, - A©0)|2<r2 and Om0¥) - inf 0,(8) <e
0e®©
=rt\Zn- A0*) |2 (1/8)Q , m [since SM(00) > M(0)]

< (/«)(faf (2.(+) te)< (17a)(Q(%) + e)

= (I/S)(«||Z,,-A(00)f + e)

<(1/8)(r2+e)=r2 [ ]

Corollary 1. Jn(4(Q*) - A(0O is tight.
Proof. vA(A(0*) - A(0O» = M Z., - A(00) - Vn(Z, - A0*)). m
Corollary 2. 0* 0Q

Proof. This follows since A(0%*) 3»A(OQ and A is bicontinuous. =

Let IT denote the projection onto the range space of A using the metric,
[[x]|2 = xr Mx. In other words, Fix = Ay where y minimizes |[x —Ay]|2 for
y ¢ Uk We find II as follows.

d d
— |x- Ay|2=~ (x _ Ay)rMEx - Ay) = -2ArMEx - Ay) =0

= Ar MAy = A7TMx.

Since A has full rank and M is nonsingular, Ar MA is nonsingular so that
y = (Ar MA) iAt Mx. Hence

N =a(a7ma)’ia7m.

Lemma 2 \7n (NZ,, - A(0*» 0.
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Proof. Picture:

Let s > 0. Using continuous differentiability and bicontinuity of A(0), we
may find 8 > 0 such that

1A(0) - A(0Q - AT(0 - €O) | < ¢[|A(0) - A(0O]|

provided [[A(0) —A(00|| < 8 Since 0* 0Q £,(O*) comes arbitrarily
close to 11Zn —A(0%)||2 with high probability for n large. From this we
may conclude that

uA(0%) - A(0Q - Ar(0* - 00)[| < el|A(0%) - A(0O]

whenever 1Zn —A(0Q)|| < 8/3, say, with high probability for n large. Let
dn=\\Zn- 11ZJ and = ¢||A(0*) - A(00)||]. Then \\Zn ~ A(0*)|| » dn
+ en because there is at least one point A(0) this close to Zn. Moreover,

linz,, - nA(0*)||2< (dn+ «,)2= (dn+ e,)2= 4dnsn,
and hence
InZ,, - A(0*)|| <en+ (4dnen) /2.

Now since both V«"||A(0*) - A(0O|| and ifn\\Zn - IiZjl are tight, we have
that ) 1|I1Z,, - A(0%*)| is bounded by yfe times something tight.
|

Proofof Theorem 23. Expand A(0*) about 0Q

A®0,%) - A(0O =/ A(00+ A(0* - 00)rfA(0,* - 00)
0

= A*(©*)(©* —00.
Since 0* €0 and A(©) is continuous, A*(0*) —>A. Therefore, for n
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sufficiently large, A*(6*) has full rank %, so that
A(K - e0) = (A*(ej)TMA*(e*))M"A*(e*)r Mv N (A(0*) - A(e0)).
From Lemma 2,

AM(A(e*) - A(e0)) ~ v*n(z,, - a(00)),

and since
vz, -A(e0) 0,c),
we have
V~(A(e:) - A(e0)) o,nciT)
Hence

VIT(e* - 0,) ~~0,(A rMA)’ 1AM ncn 7MA(ATMA)’ 1).

Writing II = A(Ar MA) ~1Ar M and simplifying gives the X of the theorem.

EXERCISES

1. Prove the last statement of Example 1 when 0 is a one-dimensional
parameter such that u (0) has continuous derivatives.

2. In Example 2 assume n = 100, nx= 20, n2 = 50, = 30, and find
(a) the minimum | 2 estimate,

(b) the minimum modified | 2 estimate, and

(c) the MLE.

3. (a) For the response curve F(jc|0) = 4>(a: 4 (3x), where <tjtr) is the
distribution function of the standard normal distribution, find the
linearizing transformation, call it probit (p | and find the resulting
modified transformed | 2-

(b) For the Cauchy response curve F(x\16) = (1/7r)(arctan(a: 4 /3jc) 4
7r/2), find the linearizing transformation, give it a nice catchy
name, and find the resulting modified transformed x 2-

4. As a given instance of estimating bacterial density by the dilution
method, suppose there are three dilution levels, xx= 1, x2 —j, and
x3=j, and suppose we have a sample of size n = 10 at each level.
Given the data n{= 0, n2= 4, and n3= 8, find the minimum | 2
estimate of 0 as indicated in Example 4.
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5. In Example 5, suppose ¢ = 3 and k = 1, with ax= 0Q a2= 00+ 0,,
a3= 00—O0t. If nj = 30, n2= 20, and n3 = 50, find the resulting
estimate adjusted so that E pr= 1.

6. Let Y,,...,Y,, be i.id. d-dimensional random vectors with mean A(0)
and covariance matrix C(0). The parameter space is the open square
@ = {(ey e2): 0 < 0, < ir/2, 0 < e2 < tt/2}. Write A(0) =
(~(0),..., Mf{0))7 and

crfte) 0 - o ’
c) = °2® ¥ 0
0 0 0-/(0)
where for some numbers 0 <jcE< 1, /,H©) = sin”x, - d2) and

0-7(0) = cos2(0 lic/ - 02).

(a) Find some asymptotically optimal minimum x 2 estimates 0,, 02 as
explicit functions of the x# and Yt.

(b) What is the asymptotic joint distribution of (0L, 02)?

(c) If xx ..., xd may be chosen by the experimenter, how should they
be chosen subject to 0 < xz < 1?
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General Chi-Square Tests

We treat the general theory of x 2 tests, give applications to the
treatment of contingency tables, and consider the more general problem
of testing against restricted alternatives. We make the general assump-
tions of Section 23, and we choose M(0) to be a nonsingular generalized
inverse of C(0). Therefore, our assumptions are

(1) va(Z,, - A(0q)) Ze 00e 0 open ¢ Uk

(2) A(0) is bicontinuous; A(0) is continuous and has full rank k& < d.

(3) M(0) is continuous nonsingular and there exists a > 0 such that
M(0) > al forall 0 £ 0.

(4) C(0)M(0)C(0) = C(0) and C(0)M(0)A(0) = A(0).

Our main objective is to find the asymptotic distribution of (?w0%),
where Qn is the quadratic form

0,(0) =n(Z, - A(6))TM(6)(Z, - A(0)),

and 0* is a minimum | 2 sequence. Under the above assumptions, the
results of the previous section show that any minimum | 2 sequence
satisfies ym (0* - 00 (ArMA)"l), where A= A(0Q and M =
M(00. The statistic (?,,(0*) may be used as a goodness-of-fit test of the
model by rejecting the model when Qm(Q*) is too large.

@
Theorem 24. Under assumptions (1)—4), <W0*) —» x 2k>where v is the
rank ofthe matrix C(00.

163
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Proof. From Lemma 2 of Section 23, 4n (A(0*) —A(00) ~ ymll(Z,, —
A(00), where II = A(Ar MA)“'Ar M. Hence,

Va(Zn- A0%)) « fi(Zn- A0Q) - iw(A(0*) - A(0Q)
~i/n(l - n)(Z, - A(0O).

Since \n(Z,, - A(60)) * Y e >t0, C) where C = C(00, and since
M(0*> ~ M, we may conclude

£2,(0%  Yr(i - n)rM@i - n)Y = wrw

where W = M,/2(I-I1)Y <=M0,2) and 2 = M1/2( - n)C(I - n)rM,/2.
From Lemma 3 of Section 8, it is sufficient to show that 2 is a projection
of rank v —k. To show 2 2= 2, first note that CMA = A implies CIIr M
=n, so that CI- n)rM=CM - II, and (I - IDHC{A - TDrM = (I -

n)CM. Similarly, M(I - II)C(I - n)r = MC(I - II)r. Hence using CMC
=C

22=. i2( - n)c(i - n)rMi - n>c(i - n)rMI2
=mi2(G( - n)CMC(i- n)rM'/2=m 12(i - n)c(i- n)rM,/2

=2.
Finally, noting that CM is a projection so that rank(CM) = trace(CM),

rank X = trace X = trace(M 1/2(I - II)C(I —n )rM1I1/2)

= trace((l - n)C(l - n)rM) = trace((l - n)CM)

trace(CM) - trace(IICM) = rank(CM) - trace(IT)

rank(C) - rank(Il) = v- k =m

Power. We may use this result to test the model given by assumption (1)
by rejecting if <2,,(0%) is too large. We may find an approximation to the
power of this test by finding the asymptotic distribution of Git(0*) when
assumption (1) is changed to

(10 vA(Z, - A0Q>" Y e*t8,C (00

Then Lemmas 1 and 2 of Section 23 are still valid, and in Theorem 24 one
can conclude

on(K) yt(i- n)rM@i - n)Y = wrw,
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where W = M 12(1 —II)Y e«yf(MI/2(I —11)8, 2). Thus from the lemma
of Section 10, "(©o0) has asymptotically a noncentral x 2 distribution,
on(0*) ~ ~2/k(A), with noncentrality parameter A= 8r(I - II)r M( -
n)8.

Note: These results are valid for an arbitrary minimum x 2 sequence,
0*. This may be any of the minimum modified, transformed, et cetera A'2,s
—they are all asymptotically equivalent. When sampling from an exponen-
tial family of distributions (like the multinomial), these estimates are also
asymptotically equivalent to maximum-likelihood estimates.

To be able to apply Theorem 24 to Pearson’s * 2, we should check that
M = P _1 is a generalized inverse of C = P —ppr. (We have not needed
this before.) This follows from

CMC = (d - pprP »C= I —plr)(P - ppr)
=P- p\TP - PP" + P(1"P)P"

P- PPT- ppT+ ppT= C.

Example 1. A contingency table. Samples of size n are chosen from each of
r populations, each observation resulting in one of ¢ possible outcomes or
cells. Let p#J represent the probability that an observation from the ith
population results in the y'th outcome, and let n# be the total number of
such observations. We have

(SN

nij=n> foral/=1,...,r.

c
£ Pij=1 and
- 1

7=1 y

To test the hypothesis of homogeneity of the populations
HO: p4 = iTj, for all i and vy,
where the ir- are unknown numbers such that E* &; = 1, we form the x 2>

f ¢ (nH—n7T;)2
Qn(*)= E '
“1;-1

1

w7l

When Hyg is true, QOn(it*) will have, for large n, an approximate x 2
distribution. The degrees of freedom may be calculated as follows. For
each i, Ey=I(n;y —mr”~/mr” is an ordinary x 2 with (¢ - 1) d.f. The sum
of r independent ~ ’sof this type gives a x 2 with r(¢c — 1) d.f. There are
¢ —1 independent 7~ When we estimate them, we lose ¢ - 1 d.f. ending
with r(c —1) - (¢ —1) = (r —1)(c —1)d.f.
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To find a minimum x 2 sequence, we may use Lagrange multipliers.
Taking derivatives of Qm%) + A(EJtj - 1) pretending the denominators
in @n(it) do not depend on it, we obtain

+(f>, - i

' 2n(nif —mri)
= E + A= 0, for; =
i-i n7Ti

This leads to

1 JL A 2
httj B=Y= 2n v or  J = A+ 20"

The constraint EJ 7* = 1 then gives 7t* = (1/nr)n.j = average relative
frequency of cell j. These are, in fact, the maximum-likelihood estimates
for this problem. We reject HO if

A (na/n ~ (\/nr)n.:)
onir*) = «E E (\/nr)n.j >

To find the power at an arbitrary point (/fy), we must compute the
noncentrality parameter. This is done by replacing nt#j/m whenever it
occurs in Qn(ir*) by pfk

a=«EE (Pi~(1/r)Pj)
i V/r)Pj

If (p~ are the true values of the parameters, then the distribution of
j2(ir*) is approximately the distribution.

Testing Against Restricted Alternatives. The tests discussed above are de-
signed to be good against all alternatives. One can obtain a more sensitive
test when it is known that the alternatives lie in some restricted class.
Suppose that 0 is known to lie in ©, an open set in Uk, and that it is
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desired to test //0: 0 6 0 Q an open smooth submanifold of © of dimen-
sion k —r (r represents the number of restrictions under HO). It is
reasonable to reject HO if © is much better at explaining the data than is

©0, where the minimum x 2 value may be used as a measure of how good
the explanation is. This test rejects HO if

B0 - 1 0

is too large, or, equivalently, if £w0%*) - QjSn) is too large, where 0*
and On are minimum x 2 sequences under ©0 and ©, respectively.

Let 00denote the true value of 0, and suppose 00g ©0. Let 7" and T
denote the tangent planes to A(0) for 0 e 0 o and 0 6 0, respectively,
and let 110 and II denote the projections along the metric ||x||2 = xrMx to
the planes 70 and T, respectively. Then

On(K) ~ 0(e,,) ~ "z, - A(0%)|2- nllz, - A(e,)||2
~aja = Noyz, = A0Q)f - n|(I- n)Z, - A6O) |

=n||(n - n0)(z, - A(e0)) |2

Zn-A(0o0)
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Since II and II0 are projections and II110 = ITOIl = IIO0, it follows that
(ll - n(b is a projection and that

rank(fl - FI0) = trace(Il - 110) = trace II - trace 110

k—(k —r) =r

Hence Q”(O*) - <2”(Oa7) x12- Note that £>”(©*) - <2”(0”) and 0”(0”)
are asymptotically independent. Thus, <2WD,,) provides an independent
check on the validity of the model.

Example 2. Humans may be classified into one of four blood phenotypes:
O, A, B, and AB. Inheritance into these groups is controlled through three
alleles; O, A, and B, at one locus, with O recessive to both A and B. The
general theory predicts that the four blood phenotypes, O: A: B: AB,
occur in the proportions p 2: g2+ 2pq: r2+ 2pr: 2qr, where p, ¢, and r
are the relative frequencies of the alleles O, A, and B, respectively, in the
whole population, and p + ~ + r= 1. Itis desired to test the hypothesis
that p = j, ¢ = 5, and r = £ based on a sample of size 770 with the
observed frequencies: 180, 360, 132, 98, of the four blood types; O, A, B,
AB, respectively.

The null hypothesis is simple, so if we were testing against all alterna-
tives, we would reject if x 2 > where

2 (180 - 770(0.25))2 (360 - 770(0.444))2
X = 770(0.25) + 770(0.444)

(132 - 770(0.194))2 (98 - 770(0.111))2
770(0.194) 770(0.111)

(180 - 193) (360 - 342)
193 342

149 85

Since Aljo.os ~ 7.815, we accept HO at the 5% level.
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However, we should be testing against the restricted alternative that the
four cell probabilities are p 2: ¢2 4 2pq: r2 4 2pr: 2qr for some p, ¢, and
r that sum to 1. Hence we should first subtract Qm@n) where On repre-
sents minimum | 2 estimates of p, ¢, r. These estimates may be computed
by numerical methods. They turn out to be about p = 0.47, ¢ = 0.36,
f=0.17, and

(180 —170)2 (360 - 361)2
Qnion - - -

(132 - 146)2 (98 - 94)2
+ Z 4 = 2.10.
146 94

We reject at the 5% level if the difference, x 2~ Gn(®X  greater than
X2;005¢ 1° "is case, 5.73 —2.10 = 3.63 < x2;006 = 599, so we do not
reject. Note that Qn(On) is exactly the x2 we would use to test the
hypothesis that the blood types have the given relative frequencies for
some p,9d,r. It provides an independent check on the validity of the
general theory for this population. It has 1 degree of freedom.

EXERCISES

1. Consider three hypotheses about a given die with probabilities p} that
side j comes up forj = 1,..., 6.

HO: The die is fair; that is, pj = £ for all j.

H{\ The die has been shaved slightly so that opposite faces come up
with equal probability; that is, H{: py = A>, P2 ~ Ps> P3 = Pa-

H: The probabilities pj are completely arbitrary.
The die was tossed 120 times with the following results: nx= 10,
«2=124, n3=20, n4= 26, n5=24, n6= 16, where rj is the
number of times side j came up.

(a) Test HO vs H at the 5% level.

(b) Test //j vs H at the 5% level.

(c) Test Hq vs H{ at the 5% level.

(d) Find the power for each of the above tests at the alternative
Pi =P2=P3=P*= £Ps —Ph =i

2. A sample of 200 married couples was taken from a certain population.
Husbands and wives were interviewed separately to determine whether
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their main source of news was from the newspapers, radio, or televi-
sion. The results may be found in the following table.

Husband
Papers Radio TV
Papers 15 6 10
Wife Radio 1 10 20
TV 23 15 90

Let Pij denote the probability that a randomly selected couple will fall

in cell O,j). Perform the following tests at the 5% level.

(a) Test Hx p,j = pn for all i and j (symmetry).

(b) Test HO: pti =ptpj for some px+tp2+p3=1 (symmetry and
independence).

(c) Test HO against Hx

. N balls are distributed at random in to / x / cells, where cell (/,j) has

probability pu> 0, i=1,...,/, j=1,...,/, E-Eypu= 1. Let ng

represent the number of balls that fall in cell (/,;), E, Ejngf = N.

(a) Find the x 2 test of the hypothesis H: Eypy= 1//, for / = 1,...,/.
How many degrees of freedom?

(b) Find the x 2 test of the hypothesis H@ pi} is independent of i (that

is, pY¥X=p2= e« =Pjj forj=1,...,J). How many degrees of
freedom?

(c) Find the x 2 test of HQ against H —H0. How many degrees of
freedom?

. Consider a three-factor contingency table with probabilities pijk, for
cell (/,j,k) for i =1 j=1,..,4,and k= 1,..., K, such that
E/ Ey E* Pijk = 1* Suppose a sample of size N is taken and let nijk
denote the number of observations that fall in cell (/, j, k). Find the x 2
tests of the following hypotheses. Find the maximum-likelihood esti-
mates and the degrees of freedom.

(a) HO: pijk = Pigjrk
(b) Hq: pijk = prfjb

(c) HO:pijk = Tigjk,

(d) Hgq:pijk = Pi\kqj\krk

(¢) HO: Pijk = PiRj"kij

(three-way independence)

(independence of the first factor from the
other two)

where the 7- are known

(the first factor has a given probability
vector and is independent of the other two)
(conditional independence of the first two
factors given the third)

(marginal independence of the first two
factors)
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5. To test the effectiveness of five different insecticide treatments, 71, T2,
T3, 74, 7'5, for the control of two species of ticks, 51, 52, cattle were
chosen at random and randomly assigned treatments. After treatment,
the hides were inspected for the presence of living and dead ticks. The
data are as follows.

51 S2
killed not killed killed not killed
T\ 30 20 42 35
T2 42 1 41 20
T3 63 51 22 18
T4 20 41 12 31
T5 1 17 21 31

(a) Test the hypothesis at the 5% level that there is no difference
between the species with regard to these treatments; that is, test
HO: pt= Tk for i = 1,..., 5, where p {9..., p5 are the probabilities
of death for species 51, and irl...,7¢5 are the probabilities of
death for species 52. (Use modified *2.)

(b) Find the approximate power of this test at the alternative /?, = T,
+0.1,i=1,2,3,4,5.
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SOLUTIONS TO THE EXERCISES OF SECTION 1

1. Since IX1+ V/mn) = (\/n)T(\/n\ we have Y(\/n) ~ n.If fm(x) repre-
sents the density of &e(l/n,\/n\ then fmx) ~x~I(1- x)~l/(2n).
Hence, for any small e > 0, P(s <Xn< 1- e) -=> 0. Since by symme-
try, P(Xn < e) = P(Xn> 1 —e), we have that P(Xn £ e) -* j for all
0 < e < 1. Thus, Fw(x) converges to the distribution function of Z for
all x # 0, jc# 1 showing that converges in law to X.

For a # /3, the symmetry argument does not work, so instead we

compute

P(Xn<s) =ffni{x)dx
Jo

Similarly, >1-¢)>(a/(a + fi))ef/n -» a/(a + /3), and be-
cause the sum of these two pieces is no greater than 1, we must have
P(A'n< e) -» /3/(a + j8). This implies that Xn converges in law to
Mh P/(a + }8)).

2. P(Xn <x) = /c/n where fc/n <x <(k + 1)//i. Then, since |&//i - *|
< 1/«, we have P(Xn <x) ->x, showing that converges in law to
A" where X is W(0,1).

From the information given, one cannot tell whether Xn converges in

probability to X because the joint distribution of Xn and X has not
been defined.

172
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3. (a) Suppose that 0 <r <s and E\X\S< oo By Holder’s inequality,
EZP < (EZ)P for any random variable Z > 0 and any 0 <p < L
Replace Z by |Xn —X\s and p by r/s, and find

E\Xn- AT < (E\Xn - X\s)r/S.

Thus, E\Xn - X\s < coimplies E\Xn- X\r < o
(b) The same inequality shows that E X, - AT -> 0 implies E\X, —
Xlr-> 0.

4. If Xn = n with probability I/n2 and Xn = 0 otherwise, then E\Xn| =
I/n -» 0 and E\Xn\2= 1 for all n

5. In one dimension, E(Xn - /a)2 = var(Xn) + (EXn - /a)2. So if EXn -»
fii and var(®) -* 0, then E(Xn - /x)2 -» 0. Conversely, if - fi)2
-» 0, then vaKA") < £(Jrn- /i)2-» 0 and (EXn- /@)2< E(Xn- p)2
-» 0.

In d dimensions, the same proof works treating each summand of
(Xn- juy(A, - fi) = - fi,)2 separately.

6. Let ¢ > 0, and find an integer k& such that 1/k < s/2. Since F is
continuous, we can find numbers X such that F(xj) =j/k, for j
I...... k 1. Since F(xj) —F(jc-) as n -* oo we can find N such that
for n > Nj we have |F,(xj) - F(GCy) < 1I/k. Let N =
max{N,,.., Nk_IL If n > N and X <x < jG4x then

F,(x) < F,(xji,) < F(xj") + I/k <F(x) + 2/k.

Similarly,
Fn(x) > Fn(xj) > F(xj) - \/k > F(x) - 2/k.

Hence, if n > A, \Fw(x) —F(jt)| < 2/k < e for all x.

7. (a) Note that 0 < X{< X2< e+ < 1lim"”* Xn= X. This shows that
EXn < EX, so that limsup EXn < EX. From the Fatou-Lebesgue
Lemma with ¥ = 0, we have lim inf EXn > EX. Combining these
two inequalities gives lim EXn = EX.

(b) If 1AM < ¥, then we have -Y¥Y < ~Xn So, assuming Xn X,
the Fatou-Lebesgue Lemma gives liminf E(—Xn) > E(~X) or,
equivalently, limsup EXn < EX. We also have —¥ < Xn, so again
from the Fatou-Lebesgue Lemma, lim inf EXn > EX. Combining
these two inequalities gives lim EXn = EX.

SOLUTIONS TO THE EXERCISES OF SECTION 2

1. (a) E\Xnlr < oo if and only if r < a. Therefore E\Xwn\r= E\Xn\t/
nr > 0 if and only if r < a.
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(b) We are to show that P(\Xwn\| > e i.0.) = 0 for every s > 0. By
the Borel-Cantelli Lemma, this holds provided EwP(\Xw'n\ > e)
< oo for every e > 0. Now P(Xn> ne) = 1 for ne < 1, while for
n> 1e,

P(Xn>ne) = ( ax _(atl) dx = (ne) a.
"ne

Thus, the series EwP(Xn > ne) converges for all e > 0 if and only
if @ > 1. Hence Xw/'n converges almost surely to O if [and only if,
using Exercise 4(b) and the independence of the Xn/ a > 1.

2. If E E\Xn —X|r < *°, then E\Xn —XT -> 0, so that Xn converges to X
in the rth mean. Moreover, from Chebyshev’s inequality, EPCIX" —
X| > e) < Ei"lX" —X\¥er < o for arbitrary e > 0, which implies
P(\Xn—X| > e i.0.) = 0 using the Borel-Cantelli Lemma. Thus, Xn
converges to X almost surely.

3. If Xn does not converge in the rth mean to X, then there exists an
e > 0 such that

E\Xn - X|r> e for some subsequence ri. (*

Since Xn -P>X, one can apply Theorem 2(d) and find a subsubsequence
ri* of the subsequence ri such that Xm ¥ X. But from Theorem 2(b),
Xm X, which contradicts (* ). Similarly, from Theorem 2(c), X m ~">X
for r = 1, contradicting (*) for r = 1.
4. (a) Let Z e "<(0,1), and let An= {Z < 1/n}. Then P(An i.0.) = 0,
but E P(4n) = E(1/ri) = m
(b) We will show P(A4n finitely often) = 0.

P(4, fo.) =p( (J pMy)
L j>n ’
= lim PI pj Ael, because pj A) are nondecreasing
"xQ \j>n ! j>n

lim II P(AYy), because the 4 a are independent

n-*°0 j>n

lim n (1 - PM/)

@j>n

A

linh)jgn exp{-P(y4 )}, because 1 - x < exp{ —x)

lim exp/—£ P(A )\ =0,
n —00 {/ N 4

f>n

since E;>nP(Aj) =  for all n.
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5. (a) For e > 0, P(\Xn| > ¢) < P(Xn* 0) = 1/n -» 0. Hence, Xn con-
verges in probability to zero for all a.

(b) Xn converges to 0 almost surely if and only if P(1Xnl > ¢ i.0.) = 0
for all e > 0. Since the Xn are independent, the Borel-Cantelli
Lemma and its converse, 4(b), implies that this is equivalent to
EP(1Xn| > e) < awfor all e > 0. Since El/n = °°, we have that Xn
converges to zero almost surely if and only if a < 0.

(¢) E\Xn\r = nar(l/n) > 0 if and only if a < U/r.

6. (a) [frm(x) -g(*)1 —fn(x) - g(x) + 2(g(x) - f n(x))+ Hence,

fifn(x) ~g(x)\dr(x)

=/(/«(*) ~g(x))dv(x) +2f(g(x) -/,(x))4dv(x).

The first integral is zero since ffmx) dv(x) = jg(x) dv(x) —1. The
second term converges to zero by the Lebesgue Dominated Conver-
gence Theorem, since (g(t) - f; (x))+< g(x).

(b)
sup|P(X,, t=4) - P(X e A)|=sup j (fn(x) -g(x))dv(x)
A A4 4

& 9P/ \tn(x) ~g(x)\dv(x)
A JA

=Jjlfn(x) ~g(x)\dl>(x)

-=>0.

7. Write \XJ =Zu# + Xn, where ZA= max{X,,,0} and Xn = (~Xn+
From Xn X we may conclude that X * — >X+ and X~ -"» X .
By Fatou’s Lemma, we have lim inf EX* > EX+ and lim inf EX~ > EX~.
Therefore,

E\X\ = lim E\Xn\| > lim inf EX++ lim inf EX~ > EX++ EX' = E\X\.

Since we have equality throughout, we must have lim EX*= EX+
and lim EX~ = EX~. We may now apply Scheffe’s Theorem to the
positive and negative parts and conclude E\X, - X* |~ 0 and
E\X~ -X~\| ~0. The result then follows from E\Xn- X\ = E\(Xj
-xH) - (x;-x~)| <E\X+-X*| +E|lx:-x-1 =->Q

8. From the Schwartz inequality, E\XnX\| < "EX2EX2. From EX2->
EX?2, it follows that \imsupn_ @E\XnX\ <E X2 Hence, the Fatou-
Lebesgue Lemma implies E\XnX| -> EX2 From Exercise 7, E\XnX —
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X 2\ >0, and in particular, EXnX -> EX2 The result now follows
from E(Xn- X)2=EX2- 2EXnX 4 EX2->0.

SOLUTIONS TO THE EXERCISES OF SECTION 3

l. (a) Let Xn=X + (1/ n). Then Xn ->X in law, yet Eg(Xn) = P(0 < X

< 9) does not converge to Eg(X) = P(1 <X <09).
(b) g(x) = exp{-jt2} is continuous and bounded so that Eg(Xn ->

Eg(X).
(c) g(x) = sgn(cos(jc)) is continuous at all points except + 7t/2, £37¢/2,
+57t/2,... . None of these points is an integer; hence P(X e

C(g» = 1, and Eg(Xn) Eg(X).
(d) Let Xn= X with probability (n —1)/n and Xn = n with probabil-
ity \/n. Then Xn ->X in probability and hence in law; yet EXn =
((n - )/n)EX + n/n EX + 1
2. Use characteristic functions. Since a/Xn  a'X for every a,

~a'x/o ~a'xCOo* for al1 a and
The result then follows from
Ax/a) = Eexp{ta'X,,} = Jaxi(l) -» TVxO) = *x(a)

for all a.
3. By Scheffe’s Useful Convergence Theorem, we have flfn(x) —
f(x) dv(x) 0 as n -> oo Hence,

A Fvg(x)\\fn(x) ~ f{x)\dv(X)

ABF\fn(x) ~f(x)\dv(x) 0,

where B is a bound for |g(x)|.
4. (a) The characteristic function of pn) is

E exp{itSn) = £ eilipp( -
y—0

I
—
>

) n _l = + 1_ Pn)"
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from the binomial theorem. The characteristic function of *(X) is

(1] (1]
EeltZ = X) elthe~xj/j\ = e~x £ (elh)Fjl = e~XiXe“= exp{A(c* - 1)}
j=0 j-0

Let kn = npn. Then |n > Aand

Eexp{//Sw} = (— elt + 1 —-- -)
n

n)

~(1+ A'(gw~ 1)) - exp{A(e" - D},

so Sn —>Z from the Continuity Theorem.
(b) The same method may be used. The log of the characteristic
function of Sn is

log E expfitSJ = log N (1 +pjn(ei'- 1)) = E log(d + pjn(e* - 1)).
j-1 ji—l

The Taylor expansion of log(l + z) for z in a neighborhood of 0 gives
log(l +z) =z + 2g(z), where g(z) is a continuous function such that
2(0) = 0. Since max; <n pjn -> 0, we have g(pjn(elt - 1)) -> 0 uniformly
in j. Hence, for all # as n > <

log E exp{iYS,,} = £ (pjn(ell- 1) +pje” - 1g(pjn(eit- 1))
j-1

= (eu- 1)( £/>,,] + (eu- 1) Y, pjng(pjn(ei’ - 1))
\/=i / =i

- Ke“- 1),

the log of the characteristic function of “(A).

. Let U be iid *(0,1) random variables, and let Xt= /(LA > 1 —/M).
Then, X{...,Xn are independent Bernoulli trials with P(Xtf= 1) = p¢
fori=1,..., «. Now define V) to have a ~ (p) distribution: let Y)= 0
if Ur < F(0) and for k= 1,2,... let » =k if F(k - 1)< Ut < F(k\
where F represents the distribution function of ~(p,). Since P(X; =
0)=1- B <exp(-pj) = P(Yj = 0), we have that ¥ = 0 whenever

=o0. Letz - E"%
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(1) To show 1-PCS" e 4) —P(Z ¢ A)| < P(5,,  Z), suppose without
loss of generality that P(S,, ¢ A)> P(Z ¢ A). Then,

P(SnedA) -P(ZeA) <P(S, eA) - P(S, A and Z<c A)
=P(S, eAdand Z &A) <P(S, *Z).
(2) If Sn + Z, then for at least one i, we have X¢ # Yj. Hence,
plsy ¥z )<p " ANzn X0+ Yi)
i / i
B3 PXt# Y)=1- P(Xt=0)- PY¥=1)=1- (- p) -
Pi exp(—#2¢) = Pi(\ —exp(-/?,)) <pf. Combining these, we have

/>(SneE/0-/>(Ze,4)|<;P(Sn*Z)< £ 18 < £>9
1 1

SOLUTIONS TO THE EXERCISES OF SECTION 4

1. (a) Efin = [E(a + jSzyXzy - z,)]/[E(z; - 2,)2] = 0. (In fact, the
Gauss-Markov Theorem states that least-squares estimates are best
linear unbiased estimates.)

* Y(T2{Zj - zn)2 or2
Var A [ ,, A

N
Thus, converges in quadratic mean to /3, if and only if E? j
(ZY'Z79)2_'> ©A
(b) - Epnzn= (a + fizn) —fizn = a. We may write

A E(z,.-z,,)2/

and compute var(an) = <¥2(l/n + z2/T,(zj - zmw2). Hence, an is
consistent in quadratic mean if and only if,
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2. Xt=-c¢, X2=8el+ e2, X3=fi2st+ fie2+ e3, et cetera. In gen-
eral, Xn= LlsjPn~K and

xn= (I/n) t t SjfiM ~ 0/*) E «y( - )8n“yu)/(1 - fi).

i=l 7=1 7=1

Hence

1

(I/n)(p/(l - fi))(n - O(1 - Bw/(l - fi))

=M 1-73)- (/W «) - /3" - B)2) -»(1/0 - P),

var(®,)) = (1/«2)Eo0-2(1 - fin>+1)2 (1 - fi)2<a2Zn -» 0,
1
and E(Z,, - /*/(! - /13))2=var(X,,) + (£*,, - M(1 - fi))2-» 0.
3. It is sufficient to show that lar(Xn) -» 0 as n

var(Z,,) = -4 L E cov(Ai, Ay) < A E E Ipyl-
W 1=1 7=1 n i=[ 7=1
Let e > 0 be arbitrary and find N so that \p¢jl < e for all i and j such
that i - jI > N. Then in the double summation with n veiy large,

(n —N) 2 of the |p~;| are less than s and the rest may be bounded by 1.
We obtain

var(jlfn) < — [(ft - N)2s + (ft2- (ft - N)2)] ~ e H—-[N2+ 2N].
Thus for ft sufficiently large, we have var(A'"rt) < 2e, say, and since e is

arbitrary, the proof is complete.
4. The integral I is defined as

I= zlgg)f[ (\/x) s\n(2irx) dx = 0.153 oee.

For In to converge almost surely to /, we need [(1/Y)sin(271r/Y)]| to
have finite expectation when ¥ has a uniform distribution on [0,1]. But

ri1 / 277\ rel,
E|{(I/Y)sin(2w/y)| = / —sin — dy = f —\sm(2irx)\dx = oo,
Joy \'y / *

so  does not converge almost surely to /. One cannot tell from the
theorem of this section whether or not In converges to / in probability.
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5. (a) For0 <p < 1,
H(px,+ (1 -p)x2)
sup0(0(jK, + (1 - p)x2) - log M{0))

supe(/?[0x, - logM(0)\ + (1 -p)[0x2- log A/(0)])
sup9(p [0%, - log M(0)])
+sup,,((1 -p)[0x2- log A/(0)]) =pH(xt) + (1 - p)H(x2

(b) First note that at 0 = 0, Ox —log M(0) = 0, so H(x) > 0 for all x.
Now, from Jensen’ inequality, since expf{Ox} is convex in x for all
0, we have M(0) > exp{0/4, or Oji —log M(0) < 0 for all 0. Thus,

A

/1(/*) = 0.
(¢) For the normal distribution, J't/i, ¢r2) with cr2> 0, M(0) =
EeeX = eqfi+<2d2/2" so that log = dX+ ~02/2. If (pie) =

O; —Ofi - cr02 2, then <p'(0) =z - fi - a 2= 0 shows that ¢
has a maximum at 0= (z —p)/<j2. Therefore,

»on _ ~ A (z_ 2
(z) <12 2cr2 2<12 e
For the Poisson distribution, ~(A), A> 0, we have M(0) =
exp{ —A 4 Ael}. If <p(0) = 0z 4 A—Ae0, then <p(0) has its maxi-
mum at 0 = log(z/A) if z> 0, and at 0 = - W if z < 0. Hence,

H(z\ = [z1°g("A) 4 A- z, ifz>0,
\ +o0, ifz <0.

with the convention that 0log0 = 0.

For the Bernoulli distribution, P(x = 1)=p and P(X = 0) =
g=1—p, 0<p <1, we have M(0) =peddq If <p0) =
O; - log(ped4 (7), then <p(0) has its maximum at 0= log(zg/((1
- gp) ifo<z<1,at 0= -00if z < 0, and at 0 = +00 if z > 1.
Hence

( z 1- 2z
=1z1°g- +0 —z)log ~ , forO <z <1,

\ + 00, otherwise.
6. As in the proof of Chebyshev’s inequality,
E exp{0Xn) > E exp{0Xn}l(Xn> /x4 e

> exp{0(jx4 e)}P(Xn>/A + e),
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for all » and 0. Hence
P(Xn> s 4 c) <exp{-0( m + e)E expjflA"}

=exp{—O0(m +s)}M(6/n)n

0
= eXpé—nii( m4e) - logM
n

<exp{-nH(/u 4e)}.

7. (a) Since y > 4, we have @ > 0. Hence,

MI*, >'I<s)=f "frn-y I<
X e f(xm)dxl w dxw/M (0)n
<ee"y+s%(\Xn-y\ <8)/M(0)n
= exp{f(0C>+ 5) - log M(0)}Po(|~w-y | <5
<exp{rt//(y + SI0(|*w-);| < 8).

(b) The left side of this inequality tends to 1by the weak Law of Large
Numbers. Hence

P(Xn> +s)>P(\X,, -yl <8)
> exp{~nH(y 4 S)}P (", - y! < 8).
Hence

liminf—Ilog P(Xn> s 4-¢) > -H(y + 8)
n-xo0 n !

Since 8 is an arbitrary positive number, this inequality holds in the
limit as 8 -> 0. Since we are assuming H(l) to be continuous at
x = 4 -f ¢, the result follows.
8. P(Xn> 1)=0 for all n, so P(Xn> 1)= exp{-«//(1+)}, because
H(1+) = o P(Xn > 1) = P(n successes) = pn = exp{n log p) =
exp{ -az//(1)}.

SOLUTIONS TO THE EXERCISES OF SECTION 5

1. (a)
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)
-ete 2\
o —0n2 20 —e62) /
The central limit theorem gives ViT(X,, - (a) 0,2).
(b) EX=10, EI(X=0)=e~e, varX = 0, var(/(X = 0)) = e'HI -
e~9\ and EXI(X = 0) = 0s0 cov(X, f(X = 0» = - 6e e Hence,

Ifn((Xn, Z,) - (0, e~9) "M .0, 2), where

2=1

6, |,

1029 e-90%'8L9)

2. EXj =0 and var(Jf;) =j, so B2= E"j =n(n + 1)/2. Since \Xj|
—fi with probability 1,

E{x?1(\Xj\> =y/{v7 > eBn) =jl{j > eZn(n + 1)/2}.

This is equal to zero for all 1 <j < n when n + 1> 2/e2 Hence, for
all e > 0,

NZE{xfI{\Xj\ >sBn)}=0,
°n 1

for n > 2/e2. Thus, the Lindeberg condition is satisfied and
a/B"L”Xj 0, 1), which in turn implies that

3. Since var(Jf,,) = 0-2, we have B2 = ncr2. The Central Limit Theorem
now follows, because the Lindeberg Condition is satisfied: For every
e>0,

1
E{x?I1(IXjI > eayfn )} > Oas n > ».

4. If for all j, Xj = +Vj with probability pj/2 each, and X} = 0 other-
wise, then EXj = 0, and var(Xj) = 1 if Pj¥2= 1. We want to choose
lj and Pj = |\/v2 so that the Lindeberg Condition is not satisfied.
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Here B2 = n, so that we compute

If we choose vf =j (so pj = 1//), then this becomes approximately
(I/'w)(« - e2w) -» (1 —s2) ¥0. Thus the Lindeberg Condition is not
satisfied. But since maxy<n ewB 2= 1/n -* 0 as n °  the
Lindeberg Condition is_necessary and sufficient for asymptotic nor-
mality of Zw/Bn= {nXn, so that VnXn does not converge in law to
MSS, 1).
. The mean and variance of Tn are

=ETn= £ EznjXj = mL znJ,
j=i /-1

a2=var(T,) = £ var(znIXj) - <2£ z2.

S
o1

Since Tn - iin= E' znj(Xj - /A we use the Lindeberg-Feller The-
orem with Xnj = znj(Xj —/:). Thus, we have EXn = 0, var(Xny) =
=trZlj, Z, = T, - nn,and B2= a 2= 0-2E" z2, using the no-
tation of the theorem. Therefore Zw'Bn= (Tn - fin)/<rn )
provided the Lindeberg Condition is satisfied. Let e > 0. Then,

4 i E{X21(\Xn) > sBn)}

IXj - H >
max [z.

J<n

Since the X- are identically distributed, the expectation does not
depend on j and so may be factored outside the summation sign.
Then the summation of zJ may be canceled by the same term in B2,
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giving

N2ZE {X 8I{\Xnj\>B Bn))
Dn j—I1

< -"NeUx, - fiflUx, - ill > .
max |znjl

We are given that maxy<m z”j/B” -> 0, and since the variance of X ¢
is finite, this last expectation converges to zero. Thus the Lindeberg
Condition is satisfied.

The mean and variance of Sn are ESn= E£=1 ERk= E" and
var(5n) = E? var(Rk) = E"(1A)(1 - (1/&)). If we let Xnj in the
Lindeberg-Feller Theorem denote Rj - (1/j), then EXnmj = 0 and
B, = var(Sn). We must check the Lindeberg Conditions. We use the
fact that \Xnjl = |/?y- (1//)]1 < 1to deduce that

For fixed s > 0, this is equal to zero for n sufficiently large, since B,
converges to infinity. Thus the Lindeberg Condition is satisfied.
Since

EXk= (1/k) £ i= (\/k)(k(k - 1)/2) = (k - 1)/2,

and

varXk= (1/k) £ i2- ((k - 1)/2)2= (k2- 1)/12,
we have
and

n(n —1)2n + 5)
72
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To show asymptotic normality of (Tn —ETn)/ y"var Tn, we check the
Lindeberg Condition. We use Xnj = Xj - ((j - 1)/2) so that EXnj =
0, and B2 = var Tn. Because Xj is bounded between 0 and j —1, we
have that \Xnjl < (j - 1)/2 <(n- 1)/2 forj < n. Hence,

t E{XdI((n - 1)/2 > «£,,)}
1

4 i E{x@l{\xnj| > sBn)} < -1
nj=1 Dn

=Il((n-\)/2>eB n.

For fixed e > 0, this is equal to zero for n sufficiently large, since Bn
is of the order n3/2. Thus the Lindeberg Condition is satisfied and the
normalized versions of 7n and rn are asymptotically normal.

8. For this distribution, ,» = 0, cr2= 1, and p = 1. Hence,

¢, = Vn sup|F,,(x) - <I>(jc). (*)

If n = 1, then Fffx) = 0 forx < —I1, Fx¥x) = j for -1 <x < 1, and
Fj(jc) = 1 for jc > 1; so the supremum in (*) occurs at x close to =1,
and ¢, = max{l - <D, (1) - 1/2}=4>1)- 1/2 = 03413 -. For
n=2 F2x)=0forx < —y/l, FAx) = | for - J/2<x <0, F2x) =
f for 0 <x < /2, and F2(x) = 1 for Jt > Jf2; so the supremum in (*)
occurs for x close to 0, and ¢2= J/2| = 0.3536 *==. For arbitrary
n > 2, we expect the supremum in (*) to occur for x close to zero
where the largest jump in Fm(x) occurs. So take n even, n = 2k, and
evaluate

C,, = VA|F”(0) _<t>(0)‘ =vWw 29

where ¢ represents the size of the jump in Fi(x) at x = 0. Thus, ¢ is
the probability that a binomial random variable of sample size 2k and
probability of success | is equal to k. Using Stirling’s approximation to
k\, we find

=2 (M)(1)”2 =i/n(2k\)/(k\222%+")

l

Min [(2k/e)2k(7r2k)1 / [(k/e) 2k(7rk)22k*1]

1/i/2tt = 0.3989 ee*,

This shows that the constant ¢ in the Berry-Esseen Theorem is at
least 0.3989 ses.
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Since the coefficients of skewness and kurtosis are independent of
location and scale, we may assume that the underlying distribution has
mean 0 and variance 1. Then,

ES2= nEX2= n,

ESa=£ £ E LX,XjXk=nEX3=n/B,,

ES#4=EL E E LX,XjXkX, = nEX4+ 3n(« - 1)(Etf2)2
=n(p243) 43nn - 1).

From this, we may compute

Bln=£s,7(£S2)3/2 =/V *~ |
Px=ES*/{ESI)2- 3= (»( P2+ 3) + 3n(n - 1))/n2- 3= ft/n.

The Edgeworth Expansion (12) is independent of scale change, and
since the exponential distribution with mean 1 is just a scale change
from the x/ distribution, Table 1 represents the normal and Edge-
worth approximations for a sample of size 5 from x[- But fr°m the
above, it is also valid for a sample of size 10 from the X distribution
or a sample of size 1 from the Xlo distribution.

10. The mean of the uniform distribution on (0,1) is /& = | and the

variance is a 2 = The coefficient of skewness is ffx= 0, since the
distribution is symmetric about \. The fourth moment about the mean
is

E(X - i)d= flx - 1/2)ddx=2/0Vyddy = 2(i)55 =

so the coefficient of kurtosis is 82= (wV ()2« 3 =18 -3 =
—1.2. With n = 3, we have P(Sn < 6) = P(yfn(Xn—\)/& < 1). The
normal approximation to this probability is <TX(1) = 0.8413 from Table
1. The Edgeworth Expansion is <(1)- /321 - 3)/(24n)<p(l) =
0.8413 —0.0081 = 0.8332. The exact probability is

P(XI4X246X3<2)=1- P(Xj $4X24X3>2)

I- P(Xt4X2473<1)=1- i = 0.8333,

since P(X{4X24X3< 1)=1 is the volume of the unit tetrahe-
dron.
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SOLUTIONS TO THE EXERCISES OF SECTION 6

l. (a) Let ri be a subsequence; we are to show there exists a subsubse-
quence r' such that -* t{X) almost surely. Since X,,, -> X in
probability, there exists a subsubsequence n” such that X » -> X
almost surely. Hence for X e C(f), we have fiX,») > f(X) and since
P{X g C(f)} = 1, this implies f(X,,») -» f(X) almost surely.

(b) Since |Y,, - X| <Y, - X,,| + [X,, - X], we have for all e > 0,

{Y,, - X| > ¢} c {Y,, - X,,| >s/2j U {X, - X| > e/2).
Hence,
P{Y ,,-X| > 8} <P{Y,, —Xj >e/l2} +P{|X,,-X| >e/2} >0.
(c)

2.
Py y(u,w = *xnu)*>Y,(v)’ because of independence
= <x Y(u,v), if X and Y are independent.
3. Let -1 </3< 1.Since X0=0and X}=pXj ,+  we have I."Xj =
BLr'Xj + Elej. This implies that (1 - f3)E1Xj = - (3Xn, or
V' - fi)Xn- fj.) = 4n(en- fi) - $Xj{n.
t.. —
By the Central Limit Theorem, yn (en —/1) — cr2). We now show
that \/*((1 — —m) and Vn (en — ;1) are asymptotically equivalent

by showing that the difference, fiXn/ yfn converges to 0 in probability.
Since Xn = E? ei@n~ (see the solution to Exercise 2 of Section 4), we
have E(Xw yn) = 4 E? /3n~j/ Jn 0, and var(Xwyfn) =
a 2 E” f$2{ny)/n -> 0. This implies that X/ yfn converges to 0 in
quadratic mean (Exercise 5 of Section 1), and hence in probability. An
application of Theorem 6(b) now gives that VaI{(l - P)Xn -
/il) a 2), or
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For 3= —1, Xn= (1/n)(e2+ e4+ [l +en) for even nt and Xn=
(I/rtX" + e3+ e +en) for n odd. In either case, Jn(Xn—/x/2) is
approximately”f(0, € 2/2) for large n. For 3= +1, we have Xn = E"e;
and Xn= (1/n) E"(n + 1 - j)ej. If /x> 0 for example, this converges
to infinity in probability. In spite of this, we can show that Xn, properly
normalized, converges in law to a normal distribution. Xn is equivalent
in distribution to Zn= so consider Zn- EZn= E" j(ej - f%.
We check the Lindeberg Conditions with Xnj =j(ej - /z). We have
EXnj= 0 and var(Xm) =j2 2, so B2=E?;V 2= a2n(n + 1X2n +
0/6. Then,

4 £ E{xll{\xnjl > eBn)}
Jj=

because B2Zn2 oo Hence (Zn- EZn)/Bn 0,1), which is equiv-
alent to

4. (a) Let Un and Vi be sequences of mean 0, variance 1 random variables
such that corr(Un, Vi) -* 1. Then, EUn - W2 —21 -
corr(Un, Vi)) 0, so that Un — Vi converges to zero in quadratic
mean. This implies convergence in probability, so Un and Vi are
asymptotically equivalent and from Theorem 6(b), they have the
same limit laws. This observation may be applied directly to the
sequences Un = (Xn - EXn)/ yjvax(Xn) and Van= (¥n -
EYn)/ -|/var(yrt) of normalized variables with CQYY(Xn,¥Yn) I,
since corK”, Vi) = corr(Xn, Yn).

(b) The variables Xn and ¥Yr themselves may not be asymptotically
equivalent. Here is a counterexample. Let U and V be distinct
independent mean 0 random variables on [—1,1] such that
var(l/) = var(K), and let W be independent with P(W = -1) =
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P(W= +1) =j. Let (Xn¥Yn) = (nW, nW) with probability 1/n,
and = (U,V) with probability (n —1)/n. Then Xn >U in law
and Yn -» V in law, yet var(X,,) = « + ((« —D/«)var(f7), VarO")
= « + ((« —D/n)var(JO, and cov(IT,, V,) = «, so that
corr(Xn, ¥J -* 1.

5.
£(*,, - V]2>var(X,, - y,)
= var(XJ - 2cov(X,,¥n) + var(F,) > 0.
Since cov(Xnm ¥Yn) < "vai*""/varO ", we have £(-¥, - Yn2>

{\Jvar(Xn) —-jjvar( h) )2. Dividing both sides by var(Al,) and noting
that the left side tends to zero shows that (1 —yVar(¥n) / - Kar( Xn) )2
-* 0, or equivalently, varCK,,)/var( Ah) -» 1. Now, dividing both sides of
the original inequality by "/var( Xn) ~/var( ¥n) gives

\/var(*,,) /}Jvax(Y,) - 2corr(Xn, Yn) + Jvar(¥Yn) /"var(Xn)
<E(X, - Ww2(y/var(Xn) yv&r{¥Yn) ) -» 0.

Hence, corr(Xn, Yn) -> 1. The last line follows direct” from Exercise 4.
6. (a) By Slutsky’s Theorem part (a), we have log Xn —>log X, since log

is continuous on (0, c0). Also by part (a), log ¥n —log Xn ~ 0. Then
by part (b) of Slutsky’s Theorem, log ¥n -S log X, and again by part
@y «x

(b) If * (Xin, Xkn) Z (X, Xk)> (0,...,0), and if
(XIwY{n,...,XkwYkn)-"(1,...,1) as «-» oo then
ykn) —(Xy,..., Xk). The proof is essentially the same as in
part (a).

SOLUTIONS TO THE EXERCISES OF SECTION 7

1. /fn(s2- a2 ~JiO, fi4 - a4), g(x) = logl), g'(x) = \/x, and
g'(0-2) = I/a 2 Hence from Theorem 7,

VA(log(s2) - log(c72)) A * (0, kd/crd - 1) =7*(0,p2- 1)

where fi2 = /x4/0-4.
2. Taking m, = (I/n)H(Xj —/i) and mi2 = (I/n)E(>V; —/x)2 allows us
to use central moments in the computation of the covariance matrix.



190 A Course in Large Sample Theory

Then, m?2) - (0, cr2)) ~*yK(0,0),2), where
var(X —/x) cov((X - fi)2 X - fi)
cov((A'- (jI)2, X - n) var((X-»)2
<2 Pi
M - 041
Take
8(x>y) = [y | x2)° (-2, 1) s8(,**) =1

Then, by Theorem 7,

T . Ms
vr jr )
si — (12 i3 /a4 - O

3. (a) g(u,v) = Vly/M, g(*,, 92) = (-a/fx 2, 1/(2ju.a0).
73
4/itV2 M M

If the parent distribution is normal, then /x3 = 0 and fd= 3<r4, so
that the limiting distribution is “KO0, cr2(1/2 + a 2/fi2)//jL2).

(b) Without loss of generality, take n = 0; then }n((m\, m2, m'3) -

vnl-=f- —I~"(0,g2gr)-vHO,

(0, cr2, /a3)) 0,0), X), where
cr NB
M Hi- V!

Since ra3 = m3 —3rri2m\ + 2(m\)2, we let gw, w)=w —
3wi>+ 2w3 and find that g(0, cr2,/a3) = (—3a 2 0,1), so that

Jfn(m3- fi3) “yr(0,gXgT) =*(0, - nl] - 6afPpd+ 9a6).

4 E(X) =a/(a +0)=10/(0+ 1) and var(*) = a\3/((a + p)2(a +
3+ 1) = 0/((0 + )20 + 2)). Hence,
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Let g(je) = x/(I —x) so that g'(x) = 1/(1 - x)2and g'(d/(d + 1)) =
(0 + I)2. Then we find

5. (a) Using g(x, y) =y/x in Cramer’s Theorem applied to the result of
Exercise 2, we find g(/ a2) = (- a 2//a2, 1/ fi) and

(b)The first four moments of the Poisson distribution, <*(A), are
A=A fx2=c2= A /3= A and 4= 3A2+ A Substituting these
values into the result of part (a), we find

independent of A
6. (a) Since g'(p) = 1 -2 p and 4n(Xn—p) p(1—p)\ we have,
by Theorem 7,

Inig(xn) - g(p» NN (0, - 2pfp(\ - py.

If p = 1/2, this gives - Xn - 0.25) ~~(0,0). This just
says }MnX,(l - Xn) 0.25.
(b) Since g"(p) = -2, (11) gives

n(Xn(1-Xn -p{\ -p))-—p(l-p)[ A) - %I,

where y2= n(l —2p)2/(4p(\ —p)). When p = {, this gives
n(Xn(l - Xn) - 0.25) - 0.2572 or, equivalently, 4«(0.25 -
Xl —Xn)) —>xi- Since g is quadratic, the expansion (9) is exact,
so if Xn were exactly normal, the above noncentral x 2 approxima-
tion would be exact.

(c) When p = 0.6 and n = 100, (a) becomes (Xm! —Xn) —0.24) ~
AT(0, 0.96), and (b) becomes (*(1 - Xn) - 0.24) -
-0.0024[X\(y2) - J2\ Where y 2= 4.1667. At y = 0.25, (a) gives
P(Xnl - Xn) <y)~ <EX1021) = 0.8463, whereas (b) gives P(Xn(1
—Xn) <y) = 1.0, obviously the correct answer. At y —0.24, (a)
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gives P(Xn(l - XJ <y) ~ 0.5000 and (b) gives
P(Xn(l-Xn <y)~P(x?2(y2)~y2>0)

=P(("(0,1) + 7)2> T2)

4>(0) + 4>(-2]y|) = 0.5000.

At y = 0.23, (a) gives P(Xm1- Xj <y)~ 4>(-1.021) = 0.1537,
and (b) gives

P{Xn(\-Xm<y)~P(X2{y2)>2y2)
« 1- 4>(V8.3333 - \/4.1667) = 0.1990.

We see that the normal approximation, (a), is rather poor.

SOLUTIONS TO THE EXERCISES OF SECTION 8

1. We use the notation /x-k to represent E{(X —EX)j(Y —EY)k}. From

Theorem 8, }/n((s2, sxy) - (a2, axy) 0,0), 2), where
2 ( M40 ~ M20 M31 “ M20 Mil \
\ A31 « A20 Mil M2 ~ M2 )

Take g(u, v) = v/u. Then g(w,v) = (- v/u2,1/w), and so
Yin(p - /3) ->"(0,8(n20,iiu)%g( x20, xn)")

~~ (0, [ Mo M1 ~ /X200 M1 + M2 Mbo]/M 20) ©

For the bivariate normal distribution, "0 = 3<x/, /x3l = 3paxdy, /X2 =
(1 + 2p2)(T2AT2, and /iu = pcrx(y. Hence the asymptotic variance is

[3pV/aj,2- 6puxa 2+ (1 + 2p2jaxta 2]/axs = (1 - P2)<t 2/<¢ 2.
2. Because from Theorem 8, 4n(sxy - axy) —"K0, fi22 - MnX we have

Jn(sxy- o)

>Ne
' (0, 1).

( M22 M%’i}
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Hence,

Nu(sxw - e )
R — 17T - (0, 1),
(m2 - "y)

where m 22 is the sample estimate of 4122, namely

m2=0/n)£(Xj - Xnf(Yj - Ynf.
1

. (a) Because the mean and variance of “(A) are both A we have
Wi (Xn—A) A). We seek a transformation g such that
g'(A)2A = 1. Solving the differential equation gffA) = £ 1/ yfX gives,
say, g(A) = 2 /\. Hence,

- vT) 0,1).

(b) If is binomial, & (n, p| then the mean of A"/w is /7 and the
variance of A"/n is /A1 —p). We seek a transformation g such that
g'(/2)2-pH ~ p) = 1. Solving g'(p) = (/2(1 -/?))'12 gives, say,
g(/?) = arcsin(2p - 1), or, alternatively, g(p) = | arcsin(\/p).
Hence,

Vft(arcsin(2”/« - 1) - arcsin(2/? - 1)) ->"(0,1).

. Let s2 and s2 be the sample variances from independent samples of
size n from distributions with finite variances and fourth moments
about the mean (ax2, /i4x) and (a 2, fi4y), respectively. Then, {n (s2 -

a 2) and )/n(Sy - cr2) converge in law jointly to independent normal
distributions with means 0 and variances fifx —vx and /i4 - cr4,
respectively. Then applying the transformation g(x, y) = x/y with gra-
dient g'(x,y) = (I/y, —/y2) to (sj, s2), we find that

(sx/sy - y2),

where
y2= (Mgx~ @D/(rv4 + (flay - (TAT/<TP6
= (o2x + o2y - 2HA4/°>4>

where f32¢ and f82y are the coefficients of kurtosis for the distributions.
For sampling from normal distributions, we have y 2= 4axt/a 4
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SOLUTIONS TO THE EXERCISES OF SECTION 9

I. Neyman’s modified | 2 maybe written in the form
AN =WX, -p)TP,,-'Xn-p),

where P, is the matrix P with each pj replaced by its estimate, rij/n. By
the Law of Large Numbers, Pit -> P in probability, and by the central
Limit Theorem” }fn(Xn —p) >Y 0, X). Hence as in the proof of
Theorem 9, n(Xn- p)rPd ,(Xn- p)~ Y7P 1Y e x?-i-

2. Find Q orthogonal such that QPQ7 = D, diagonal. Let Y = QX so that
Y <EJ10,QQr) ="~KO0,I) and XrPX = XrQrDQX = YrDY. Then,

YrDY e Xc-jj iff r °f e dj are 1 and the rest are zero
iff P is a projection of rank »

as in the proof of Lemma 3.
3. First note that —Q - qqr, Q“*q = land Irq = 1 - pec From this it
follows that

(Q 1+ nTPc)(Q - qqr) =1- Q lqqr + nrQ/pc- urqqPpc

I- 1qT+ 1qPpc- (1 ~pggW/Pc
=L

so that =(Q-qqr)-1 = QI + 11T/pe.

From”the Central Limit Theorem, yfn(¥Yn—q) ->./K0, <E>. Hence,
Z =n¥n- Qr<> 1Yt - q) > x 2| from Lemma 1. [t must be shown
that Z is identical to Pearson’s x 2-

n(Yn' q)V'(Y,, - q)

n(Y” - q)rQ'l(Y” B q)

+ n, - qQrilr(Yn- q)/pc

~qrQ 1(Y,, - q) + n(nc/n - pef/pc

n(\n' P)rp"(X ”'p)a

exactly Pearson’s x 2-
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4. With g(jt) = logCjr,), we have g'(x) = 1/x, and

2

2 _ y- (lo§(n//n) ~ 10g(Py))
A
%K gL,

="L (log(»//») - log(Pj)) Pj.

The modified transformed * 2 is

L(*og(V") _ 108(Pi)) nr

SOLUTIONS TO THE EXERCISES OF SECTION 10

1. The noncentrality parameter is

(025 - 02)  (0.5- 0.6)  (0.25 - 0.2)2
A= 100 =4
0.25 0.5 0.25

There are two degrees of freedom, so from the Fix Tables (Table 3) for
a = 0.05, we obtain fi = 0.42 ee», and for a = 0.01, we obtain fi =
0.20eee. To find n to achieve a power of 0.9 at a = 0.05, we solve
(w/100)4 = 12.655 to find that n = 317. For a power 0f0.9 at a = 0.01,
we solve («/100)4 = 17.427, to find n = 436.
2. (a) If X e “(A), then X may be written in the form X = (¥] + )2
+ Y2+ e +Yr2, where Y{,..., Yrare i.i.d. normal mean 0 variance
1 random variables. Hence,

EX =E(Yl+ vT)2+ EY2 + e +EYP2
=(1+A+ 1+ ee+]l =+ A
To find vaK X ), first compute for ¥ eJiO, 1),

varj(y + vT)2} = £ (r+ vT)4- (£(y+ i/a)2)2

= [EY4+ 6AEY2+ A] - (1 + A2

[3+6A+ A] —(1 + 2A+ A2) =2+ 4A
Hence,

var(”")

(2 +4A) + 2+ —+2 = 2r + 4A
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(b) We show that the moment-generating function of (X —(r 4 A))/
(2 4 4M)1/2 converges to exp{4-/22}, the moment-generating func-
tion of &KO, 1), as maxO, A) -> oo The moment-generating function
of X is @@ = (1 - 2t)~r2 exp{Ar/(1 - 29}1 hence the
moment-generating function of (X —a)/b is

#(X-a)/b(0 = <Px(t/b)Gxp{-at/b}

— (1 —2t/b ) w1 exp{At/(b —21) —at/b).

From this, we find

log <P(x-a)/b(t)
= —(r/2) log(1 - 2t/b) + (¢/b)(k/(\ - 2t/b) - a)

= ~(r/2)[-2t/b - 4(t/bf/2]

+(//*)[A+ 2kt/b - a] + 0((t/bf).

If a ~ A4 r, the linear terms cancel, and if b —(2r 4 4A)ly2 we
are left with ¢2/2 4 0((t/b)3) ->t2/ 2 as b -> oo. When we notice
that b -> oo if and only if max(r, A) -> o?we are done.

(c) Since *20,.06 = 31.410, we want to find Asuch that

P(xlo(A) >31.410) = 05.

By part (b), this distribution is approximately “K20 4 A 40 4 4A),
so we solve 20 4 A= 31.410 to obtain A= 11.410 as the approxi-
mation. The true value of A given by the Fix Tables is A= 12.262,
rather close. If A= 11.410 were used, the actual power found in
the Fix Tables is about 0.47. _
3. From the Central Limit Theorem, [fn(Xn - p) Z 0, where
X =P - ppr. From Cramer’s Theorem, [fin(g(X,,) - g(p)) —gP)Z.
Then yfn(g(p) - g(P®» -> g(p)8 implies that

Wn (g(X,,) - g(p°) = \fn(g(X,,) - g(p))

+Jn{g(p) ~ g(®°) " gy,

where Y=27 + 8 8,X). From this, we have  g(p°)~'(g(X,,) -
g(p°) ~ Y, so that

"2-n(g(XD-g(pS))rg(pS),(PO"1

g(p*) “'(g(X,) -g(p™) "Y AP-7Y.
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From the proof of Theorem 10, this has a *& j(A) distribution with
A= 8rPS8.

SOLUTIONS TO THE EXERCISES OF SECTION 11

L.

The ¥ form a stationary 1-dependent Bernoulli sequence. The mean is
Im= EYX= E(l1 - X0)XI=E(1l —X0)EXx= gp. The variance is e(0
= gp(1 —¢qp) and the covariance of lag 1 is el = cov(Y], Y2) = EYXV2
- EYXEY2= 0 - (gp)2 Hence,

Jn(yn~ OP) *"~ (0, cr2),
where a 2= <00 + 2cr0l = qp - 3(qp)2.

. The Zy are (r + 1) dependent with EZy= g2?r (where ¢ = | —p), and

EZ2= g}, EZjZj+r+j = q¥ 2r,and EZjZj+ = 0for 1 < k < r. Thus,
var(Zy) = g2/ - <IN2> cov(Zy, Zy+*) = - q4p 2 for 1 < k <,
cov(Zy, Zy+tr+l = qp 2r —q4p 2 and cov(Zy, Z;>it) = 0 otherwise. Be-
cause the Zy are stationary and (r + 1) dependent, yfn(Sw'n -
q2pr) *>yK0, cr2), where

<R=qpr+2qp2r- (2r+ 3)qdp2r

. Here ¥ = Xj_xXj is a stationary 1-dependent Bernoullli sequence with

mean p = EXj xX: = p 2, variance o) = p 2(1 —/?2) and covariance of
lag 1, a@ = EXOXfX2~ (p2)2=p3] -p). Hence,

VAK, ~P2) +2<01) =~ (0,p2(1 -/>)(1 + 3/7)).

(a) Because aX + bZ = (1/h)E? ~(tf + Wit+i), we let ="(a +
bXi+x). Then YXY2, - - is a stationary l-dependent sequence with
mean EYt= ap + bp,2 and variance

<00 = var Yx= EXxE(a + &Y2)2- "2(a + fy*)2
= (<12+ p?2)(bh 2+ &2 + +a2) - p2(a2+ 2aftyi + b2
= <2(tf2 + + b2(a2+ 2/a2)).

and covariance at lag 1,

aq = cov(r,,y2) = EXxE(a + bX2)X2E(a + bX3) - p2(a + bp)2

+ ba2+ 7272)(fl 4- £tyi) —p2(a + &p<)2

=p(a +bp)bal.
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Therefore,
4dnfaXn+ bZn —fi(a + 6/u.))
%J %0, (Too+ 2(701)
=J K0, cr2(a2 + 4abjji + b2(<r2 + 4ju2))).

This is the distribution of aX + bZ when (X, Z) ¢j'X0,2), where

x=(® 2 |

~20-0 a4+ 4afi2f

Since a{n(Xn—/X)+ b/n(Zn—/2)J%>aX + bZ, we have, from
Exercise 2 of Section 3, 4n(Xn - fi,Zn- f2) ~"KO, X).

(b) Now we apply Cramer’s Theorem using the function g(x, z) =z —
x2 We have g(x, z) = (~2x, 1), g(fi, fi2) = 0, and g(fi,ix2) =
(—2fi, 1). Thus we find

Vn(Zn-X 2~ (0,0 -4).

5. The sequence Z 1,Z2,--* forms a 2-dependent stationary sequence of
Bernoulli variables (Zxand Z4 are independent, for example). We have
EZX= P(X0> Xx<X2) = j, because this is just the probability that
of three independent numbers chosen from a distribution, the second
one is the smallest. The distribution is continuous, so there are no ties.
Because Z xis Bernoulli, var(Zj) = j§= f. And not both Zxand Z2
can be positive, so EZX¥2= 0 and cov(Z,Z2) = - To compute
covCZj, Z3), we must evaluate EZX¥ 3= P(X0> Xx<X2> X3<X4X
All 5!'= 120 orderings of X0, X}, X2, X3, X4 are equally likely, and we
must count the number of orderings such that X0> Xx<X2> X3 <
X4. Either Xx or X3 must be the smallest, and there are exactly 8
orderings with X x the smallest and 8 with X 3 the smallest for a total of
16 orderings. Thus, cov(Z,, Z3) =~ - | = We find a 2= § + 2(-
0 +2N= Hence,
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6. (a) Let § =X} and K= X,XUi. Then Wr= aX, + bUt+ ¢V, is a
1-dependent sequence with mean EWt = ba 2 Then EW2= var W
=ah 2+ 2abix3+ bJ4+ ch 4 and EWjWitl = bV 4, so that <,
=var H = ah 2 + 2ab/x3 + bud + cXrd —6D-4, and <0

| - b2*= 0. From the theorem of this section,

y[H(aXn + bUn+ cVn- ba?2)

-S*O, aX 2+ 2ab(jb3 + b2(jI4 —<t4) + cXr4).

This is the distribution of aX + bU + ¢V when (X, U, V) ~J*0, 2),
where

a n3
X * Vi ~ <k 0
0 0

Then bv Exercise 2 of Section 3 we have \fn(Xn, Un —
a2Vn) %J<0,2).

(b) Note rn = g(Xn, U,, Vo) where g(x, u,v) = (v - x2)/(u - x2). We
have g(0, cr2,0) = 0, and because g(x, u, v) = (2x(v - u), —(v —
x2,u -x 2)/(u —x2)2, we have g(0, a 20) = (0,0,1/a2). Hence

from Cramer’s Theorem, 4n(r,, - 0) 0,a4a4)=M.0,1).
7. We may assume without loss of generality that r = 1 and £= 0 and
hence /i = 0. Let y/*>= Emslkz , an d =E ?.,~. Then Ytk

is a stationary 2”-dependent sequence with mean 0 and covariances,

VeV = cov(Y<K\YIfk» = £ £ ZZEX.jX,., =
yl<* 1/

for ¢t > 0. Hence by Theorem 11, Sfh)/ [fn 0, a*2), where a*2 =
<r$ + 2E2 la@f). Also a*2-> a 2, because the latter is absolutely
convergent. Thus, by the lemma, we will be finished when we show
(Sn—S@))/ [/n 0 uniformly in n as k -> < Since

NLYig= £ N-+ £F % L/,

b}

j<-k j>k
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we may break (S,, —S#k) into two pieces,
Sn-8?"=§£ L zjxtj+ £ £ ZX"j= + V<Kl
t= j<-k t=\ j>k

say, and show that Ufk)/ [fn and V£k)/ 4n are both uniformly small in
n as k -> 0. For this we compute

E(K(/z))2< E E WW*]W E EEXS_iXt_J
5= /=1

>k j>k
< £ 1 Ul |Zyl«=«( E 1Z]) »
I>£ j>k N>k !

Thus, by Chebyshev’s inequality,

uniformly in n as k -> oo Similarly, U™/ J/n > 0 uniformly in n as
& -> oo. Similarly, £(AY Wn'-> 0 uniformly in n as k -> °. Finally, the
sum converges to zero uniformly in n, since

POu™h + Kl [Vn > 2e) < | +1 KB 1> 2eV«)
<P(|t/,,("*+ > ev"T) +P(|F,,(*>] > e/fn).

This completes the proof.

SOLUTIONS TO THE EXERCISES OF SECTION 12

1. (a) This is a special case of Example 1 with z; =j and m replacing n.
Since ;N= (N + 1)/2,

N
£z? =N(N+ I)(2N+ 1)/6,
1

1

and maXyCzMf—N)2= (AT - 1)2/4, condition (9) is satisfied if
min(m, N - m) -> oo? because Afmaxzy - z")2Ef(zy - z")2 is



(b)

2. (a)
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bounded. From Lemma 1,
ESn = N((N +1)/2)(m/N) =m(N + 1)/2
and
var(SN) = (N/(N - ))(N(N - D(N + 1)/12)(m(W - m)/N2)
=m(N - m)(N + 1)/12.

Hence we have (SN —ESN)/ ~/var(SN) -~"KO, ).
Not necessarily. If m/N  r as W -» o then

/S, m(N + 1)\ x I r(l -r)
ir~
However, for this to imply that JN(Sn/N 2 - r/2) has the same
asymptotic distribution, we must have the sequences be asymptoti-
cally equivalent; that is, the difference must converge to zero,
y[N(m(N + 1)/(27V2) - r/2) —0. This requires a faster rate of
convergence; namely, we need [/N(m/N -» r) -» 0.

This is also a special case of the sampling problem, where it was
shown that

max(a(y) - aw)2ZE (¢(53') - aNf <N/(n(N - n)).
1 1

From this we may deduce maXj(zj - zn)2Li(zj ~zN)2 <N/
(m(N - m)) also. Thus, condition (9) is satisfied if N3/ (n(N —
n)m(N - m)) -» 0 or n(N - n)m(N - m)/N3 -> oo in particular,
if min(n, N —n) > o and min(m, N —m)/N is bounded away
from 0, then is asymptotically normal. Since the mean of the
hypergeometric is mn/N and the variance is mn(N —m)(N —
n)/(N2(N —1)), we have that if yfN(m/N -/*)-> 0 and y[N(n/N
—s) -» 0, then

VV(SW N —rs) ry(l —r)(1 - s)).
(b) The probability mass function of the hypergeometric distribution is
mWN —m |
(x Non~x/
IW])

m\n\(N —m)\(N —n)\
x\(m —x)\(n —x)\N\(N —m —n + *)!
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3. (a)
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We are to show this converges to e~¥x/x| for all fixed x = 0,1,...,
as min(n, rn) -» <, and mn/N-> A The I/x! term is already
present. Next note that

m!n! (N —n —m)|\
. ~mxnx and — n ~x
(m —jc) !(n —x)! (N-m-n+x)|\

so that the product converges to A* We will be finished when we
show (N —m)I(N —n)\/(N\(N —m —n)\) -» e~x. But

(N -m)\(N -n)\ (N-m)s(N-m-n+1)
NV(N - m -n)\ N[N —n + 1)
Similarly,

completing the proof.

Given U{ = u, the rank of Ux is one more than the number of U/s
less than u Thus the conditional distribution of R{—1 given
Ux= u is binomial with sample size N —1 and probability w
Hence,

ER,UX= =E[U,((N - Dt/, + 1)]
= (N- DEU» + EUX
= (N —1)/3 + £+= (2N + 1)/6.
Then ER] = (N + 1X2/V+ 1)/6 and Et/,2= | gives
£(/7, - A't,)2= - 2NERXUl + N2EU? = (N + 1)/6.

From wvar(i?,) = (N + 1XN - 1)/12, we conclude E(RX-
NUx2variRx) = 2/(N -1)"0.
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(b) Since 0 < TM/,1 —NU/[ < 1, we have E(\ NU]] —NUX?2 < 1 so that
E(\NUI1- NU"/variR,) 0.
(c)

tyf =x2+ 2xy ty2
=2x2+ 2y2- (x2-2xy+ y2) <2x2+ 2y2
Hence,
E(R, - \NU,)2Zv&(RX
<2\E(RX- NU¥Y2+ E(NUi - fATt,])2]/var(/?,) ~ 0.

This implies corrC/*JNU{]) -=> 1 so condition (10) is satisfied.
(d) For a(j) =j, we have aN= (N + 1)/2, maXj(a(j) - aN)2= (N -
124, and T,?(a(j) —aN)2=iV(N + 1)(N - 1)/12, so that

Nmaxj(a(j) - aN)2/£(a(y) - aNf = (N - )/{I12{N + 1))
I

stays bounded. Hence, provided max;(zy - zyw)2EjwW(z; - zN)2 > 0,
condition (9) is satisfied and by Theorem 11, (SN —
ESn)/ “\ar(SN) 0,1).

. Using Z =j in Exercise 3, we easily find that (SN- ESN)/
~Avar(SN) -~KO, 1), since we have

max(zy -zw)2= (N - 1)/(12N @V + 1)) 0.
v 1

The mean of SN is Alzw N=iV(N + 1)2/4, and the variance is
N2N — )N + D2Z(122(N —1)) = N¥ 122. We may conclude that

Spearman’s rank correlation coefficient, pN, is the correlation coeffi-
cient between the true ranks j, and the observed ranks, Rj, namely,

V2H
12 I * (N +ir
o Nzo 1 ATy 4
This result shows that y/NpN 1), under the hypothesis of a

random ranking.
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5. (a) 0 < Ewlogj —If log(x)dx < log N and /,wlog(x)dx = Mlog N)
- N - 1 shows that Ef logj = Mlog AO- N + 0(log N). Simi-
larly,

N
E (logj)2= log(x)2dx + 0((log N)2}N(\og n)2
- 2N(log N) + 2N + 0((log N) 2.

Combining these gives

E «(;)2- A (E«(y)) = ¥ +0((10gat)2)
It is easy to see that max(a(;) - aN)2~ (log N) 2. Hence,

maxj(a(j) - aNf * (log AQ2
~ N

Condition (9) reduces to

max.(z.r- zN)2 7
—N *(logN)2-» 0.
E? (zj-zN)2

(b) For a(j) = 1/ w/> we have EftfO') ~ 2V7V and EjVy)2= E"l/y
~ log /V.So Ef(a(j - aN)2~ log N and max(a(j) - aN)2~ 1. This
gives

maXj(a(j) - aN)2 1
E"(«0) ~aN) I°SN
Condition (9) reduces to
N maXj(zj-zN)2 (q
log N e?(Zj-z Ny

(¢) For a(j) = 1/j, we have Efa(;) ~ log N. So E*My) - aN)2
EfVj)2= v 26 and max(a(j) —aN)2 ~ 1. Thus,

maxj(a(j) - aNf ~ 6
Ef(a(;") - a*)2 12

Condition (9) cannot be satisfied.



6. (a)

(b)

(©

(d)
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Each term of the sum

san “ E (zNj “ ”  <p)
1
has mean zero and the (p(Uj) are i.i.d., so the asymptotic normality
of SV yVar(§'N) follows immediately from Exercise 6 of Section 5
with zmj replaced by zN - zN.
The variance of SNV is given in Lemma 1, and var(SN) = Lx(zNy -
:» )z 2. The covariance is found, as in Lemma 2, to be

cov”s;,) = (N/(N- 1)£(z,,,. -z N)2cov(a( RNI), cp(U,)).
1

From this, the correlation is found as

corx(SN,S'N) = ~/(N - 1)cov(a(RNI), (p(U\))/
(<ryVar(a( RN,)) )

= y/N/(N- 1) corr(a(/?Jvl), *>(£/,)).

Given Ux= u, RM/N -> w with probability 1. As in the
Glivenko-Cantelli Theorem, the set of probability 1 on which
convergence takes place may be chosen independent of w Thus,
Rnx/N Ux The function < being nondecreasing, has only a
countable number of discontinuities. Hence, we have ¢p(RNY (N 4
D)~ cp(ly.

Ecp(RNX/(N + 1))2= (\/N)Li(p(j/(N + 1))2. If (p were bounded
this would be a Riemann approximation to j*cpiu)2du = E<p(Ux2
and we would be done. However, because (<p(w)+)2 is nondecreas-

ing,

< f1 (<p(w) +)2du,

which shows

(VA HIVTt) ) -/> (“)) 2=
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(e)
¢

7. (a)
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By symmetry, we have

<A HfTi)) 12

This gives E<p{RNI/(N + 1))2 > Ecp(Up2.

By Exercise 8 of Section 2, (c) and (d) together imply that
<p(a(RY) <pW X which is the result to be proved.

By (b) and Exercise 5 of Section 6, it is sufficient to show that
E(a(RND) - <p(7))2var(~((71)) > 0. For this it is sufficient to
show that E(a(RNI) - <p(ly)2 -» 0. This follows from (e), and the
proof is complete.

By Exercise 2 of Section 3. it is sufficient to show that

I_IWWS‘}*J) ';w <)

for all k vectors b. If b is the constant vector ¢l, where 1 is the
vector of all 1%, then b7S = ¢ Efy = ¢N(N + 1)/2 and brp* =
¢ Lrij/N = ¢, so the left side of (1) is zero. But the right side is the
distribution degenerate at zero (b7(P —ppr)b = 0) so the result is
true for b = ¢cl. We now assume that b is not a constant vector.

Let Nj = Th*xnh and write S( in the form £, = E jl{zfDa(Rj)
with

Iy e j N i
a =/ and zO=1 T
@ } \0, otherwise.
Thus we have brS = Ef.,6" = Ejl, ZjRj, where z})=E ~ z jO0.
We use Theorem 12 to show that Efzy/*y is asymptotically normal.
From the solution to Exercise 3(d), we see

Nmax(a(j) - a,,))2E («(./) ~aNf = (N - 1D)/(12(JV + 1))
} 1

stays bounded. So condition (9) holds if and only if max-(zy -

zw)2Ef(zy - zN)2-* 0. Since k < max;(z; - zN) < 1, (9) holds if
and only if Ef(z; - zN)2-> *°. We have Efz- = Ef*«, and Efz?
= o)
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Since n-JN —»pi as N —»

(1/N)Y,{zj - z)2-> YiPfif - | |

This is strictly positive from the assumption that b is not a constant

vector. Thus, —zN)2 -> oo, which implies that (brS —£brS)/
Vvarbr S 1). We compute the mean and variance of br S.
N N

EbTS = £ zytH. = ((A/+ 1)/2)

k
= ("VGVH)/2)EWIV,

and from Lemma 1, varbrS = var’L?zjRj = (Af/CAf —1))Ef(2; -
z,,)2vaiO™) = (N/(N - 1)Ef«A - 6)2(Af2 - 1)/12. Using
Slutsky’s Theorem, we conclude

A" +idU *2Zi)brs~iv ) -4

The result now follows from

E/>«(*/ - bf = TiPibf - | Eft*, 1 = brPb - brpprb.

(b) From Slutsky’s Theorem and part (a),

2 2 | 2
3(n + IH«(wT 1)s p*J

AY rp-'Y, )
where Y 0,P —ppr). As in the proof of Theorem 9, Y7P -1Y

e x/-1 * Another application of Slutsky’s Theorem shows that P in
the left side of (2) can be replaced by P*.
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SOLUTIONS TO THE EXERCISES OF SECTION 13
1. The density of a sample, y,,..., ¥n ,, from %'(\,1) is

/v(yi.*e*>yn+1) = exp{- Ey,)i(yj > o for an j).
The density of Sk= Ef 9k = 1,..., n + 1 (Jacobian = 1) is
[s(*i,...,%,,+i) = exp{-s,, T1}/(0 <s, <s2 < oo <o¥* +)e
{Zk = Sk/Sn+U 1 < k <n) and W= 5ntl (Jacobian = wn) have den-
Sity
g(z19...9zn9w) = wrtexp{-w}/(0 <zx< * <zn<|9w> 0).

Hence, (Z,,...,Z1) and Srtdl are independent, with Sit+I +
1,1) and

fi(zu...,zn) =n'l/(z,,...,2,,),
exactly the density of the order statistics of a sample of size n from a

uniform distribution on [0,1].
2. Since fi is the median and / (41) = j,

3. Since the first and third quartiles are 41 - a and 41 + a and /(41 - a)
=f(li + a) = \/(2ttcr), we have

Now, using Cramer’s Theorem with g(x,y) = (x +y)/2, g(x,y) =

yfe((X(wA) +X (3w4)/2 - n) — 7tV 2/2).

If mn= sample median, then )fn(mn—/4i) 7t2t27/4) so the
midquartile range has efficiency only 50% relative to the sample
median.

4. (a) Jfn(mn- 41) 412).
(b)

SO )fin (X(W 4+ As/sjy 2 Ja) =0, 4,22).
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©)
yfe(XGnd) - 3%1/2) -»~(0,3MV4).
So,
A(fA(3n/4) ~ A) “MA(0? /i23).

(d) Asymptotically, the midquartile range is twice as efficient as the
median. But 2X3w4)/3 is still more efficient. This is not surpris-
ing, because the maximum is sufficient for fx, and the closer we get
to the maximum/2 the better we shall be.

5. (a) The median of is fi= 6log®, and f(fx\0) = 1/(20).
Hence, yfn(mn — 6 log(2)) 02) and {n (mwlog(2) - 0) -»
KO, 02(log(2))2).
(b) Similarly,

A (xp) ~ 01°g(V(i -/>)))-*"o,pf12 (i -/>)),

so that

" (z (pViog(i/(i-p)) - 0) ->s(o,pff? (o - p )(ogd -p))2)).

We are to find p to minimize p/((\ -/?)(log(l —p))2). Set the
derivative equal to zero, and solve for a root of 2p + log(l - p) =
0. Numerical methods give as a solution p = 0.79681213 e .

6. (a) The median of the distribution, f(x\0\ is m(6) = From
f(m(6)\6) = 621/0/2, we find that

- m(0)) 0, 1/(4/(m (0)]0)2) =20, 1/(02220)).

(b) Since Mn—>m(0), we have log(Mn) log|/0 and log!/
log(Mn) » 0.

(¢) Let g(M) = log|/log M. Then g'(M) = —logl|/(A/(log M)2), so
g'imi0)) = —0221/6yiog”). Hence
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SOLUTIONS TO THE EXERCISES OF SECTION 14

1. (a) Since 1- Fix)= 1- ex for x <0, we have x0= 0 and 1 - F(x)

= (-x)c(l/(-x)) where c¢(\/i-x)) = (1 - ex)/i~x) las x -»
0. Thus we are in case (b) with y = 1 so that F(bnx)n-» G2 as
N -> oo, where satisfies 1- expf{-bm} = \/n. Hence, bn=
—log(l - 1/n) ~ \/n and we may conclude that

nMn”™ G 24 = -F (1,1).

Note: In fact, the exact distribution of nMn is -~ (1,1) for all n,
since F(x/n)n= (ex/n)n = c*.

(b) We have jo0= wand 1 —Fix) = 1/x2 for x > 1. Thus we are in

case (a) with y = 2 and c(jc) = 1, so that Mwbn -» G12 where
satisfies (£,,)“2 = 1//V; that is, bn = yfn:

Mwin Gl

(c) Since 1 —F(jc) = exp{—jc/(1 - Jt)} for 0 <x < 1, we have x0= 1

and

> exp{ -jc}, ast 1 forevery x,

provided jR(0 = (1 - #)2. Therefore we are in case (c) and F(an +
bnx)n -» G3(jc), where exp {-aw(l - «,)} = 1/n, so that

a,, - log(n)/(1 + Iog(n))

and
=(!- a,)2=1/(1 + log(n))2~ l/(log(n))2:

(log(«))2[M,, - log(n)/(l + Tog(n))] G3.

(d) By 'Hospital’srule, 1 - Hjc) ~ fix):
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Therefore, x0 = and as ¢

I-F(t+xR (1)) (I+xR(t))a~le-,-xR(,>
1- F(t) ta~le-* *2

if R(t) = 1. Therefore by part (¢) of Theorem 14, F(an + x)n ->
G 3(x), where <n satisfies 1/n ~ 1 - ~/(<zn). To find an
asymptotic expression for anm, solve as a first approximation,
exp{—on}/r(a?) = 1/n or an= log(n/r(a)). Replacing #n by
log(Az/r(a)) 4 dn in nf(an) -> 1, we find

exp{ —a',,}(log(n/r(a)) + ¢hn)a~l 1.

3

This implies that dn must tend to “ at a slower rate than a,,, so that
log(«/r(a)) + dn ~ logCn/rCa)). Hence,

or
~ (a - Dlog(log(«/r(a))).
This gives
fl, = log(n/T(a)) + (a - 1)loglog(n/r(a)).
Simplifying,

Mn - log(n) - (a - Dloglog(«) + logT(a) G3.

2. Since P(X <j) = 1- 2 ', we have P(Mn <j) = (1 - 2~j)n Hence, if
n(m)/2m-> 6 as m -> oo, we have

P(Mnm) <m + k) = (1 - 2~mtc))" <)
-» exp{ —lim n(m) 2~ (m+tk)}

= exp{ —02"*}.

3. We have 1 - F(t) = | —exp{—e '}. As t -=> this converges to zero
at rate e~L To see this, apply L’Hospital’srule

1 —F(t) 1- exp{—e "} —exp{—e ‘e 1
_— >1

Therefore,
1-F(t+xR(t))  °7'"7x RO
I-F(t) et
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provided R(t) = 1. Thus we are in case (c) with bn = 1 and with an
defined by 1/n = 1 —exp{—e~°# ~ e~al We find that an ~ log(ft)
and conclude Mn - log(n) —G3.

This exercise is somewhat of a joke, since the distribution of Mn —
log(n) is exactly G3 for all n. In fact, the limiting distributions found in
Theorem 14 are all closed up to change of location and scale under the
operation of taking the distribution of the maximum. Moreover, these
are the only distributions so closed. Take, for example, the distribution
G3. If Mn denotes the maximum of a sample of size n from G3, the
distribution function of Mn—a is G3(x + a)n = exp{—ne~x'a} =
exp{—ne~ae~x} = G3(x), provided ne~a = 1, or equivalently, a =
log(n).

SOLUTIONS TO THE EXERCISES OF SECTION 15

1. From the result of Example 6 of Section 14
(2logfn))x'2(X (n:n) - fi) - 2log(n) + | loglog(47r«) > Y
where Y ¢ G3. By symmetry,
(21og(«)),/2(* (n:1) + + 2log(n) - |loglog(47rn) -Z,

where Z e G 3. By Theorem 15, these two expressions converge
jointly with ¥ and Z independent. Therefore, for the midrange, M =

(X(n:n) HiH) V2>

21log(«NI/2(M -M) % (Y -Z)/2.

To find the density of W= (Y - Z)/2, first write the joint density of ¥
and Z, /'y Z(y, z) = exp{—e~y —y —e~z —z), then make the change
of variable W = (7 - Z)/2 for YWy = 2 dw) and integrate z from —w
to oo;

fw,z(w,z) = 2exp{-¢e'2W%2- 2w - z- e~z- 7)

g

IMw) = 2expi-2wif exp{e2(e2lvdl) -2z}dz

=5

= 2exp{—2w} / exp{—u(e~2w+ 1)}wdw
.‘0

= 2exp{-2w}/(exp{-2w} + 1)2

exactly the density of the logistic distribution J?(0,1/2). Since the
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sample mean converges to /4! at a faster rate [1/ 4n rather than
1/ 0og(n) ], the asymptotic efficiency of the midrange relative to the
mean is zero.

2. (a)

(b)

From Theorem 15(a) applied to the upper two order statistics of a
sample of size n from a uniform distribution on (0,1), we have

n{ -t/ G D) M (S 1,52), (1)

where 5, = Y, and §2= Yx+ ¥2 and YXY2 are i.i.d. exponential
&(!, 1. If F(z) is the distribution function of ~(1,1), F(z) = 1 —
exp{—z}, so Z, = /7“1(t/(,,;,,)) and Z2= f,” (f/(,:,,-1)) are the up-
per two order statistics of a sample of size » from ~(1,1). Since
F~\u) = —og(l —u), we apply Slutsky’s Theorem using the trans-
formation -log(0 on both components of (1) to find

(Z, - IOg(n)a 72 - log(rt)) A (W{’ WZ))

where = -logO7) and W2= —og” 4 Y2) To e joint
density of WXW29 we take the joint density of YXY2,f(yxy2) =
exp{—yx—y23I(yx> 0,y2> 0), and transform to WXW2. The in-
verse transformation is ¥Yx= exp{-W ¥ and Y2= exp{-W 2} -
expf{—Wx. The Jacobian is exp{—Wx—W?2}. Hence

f(wi’w2) = exP{~e~M- w, - wRI(w2<w,).

Let V= W{—W2 be a change of variable for Wx so that Wx=
V 4 W2 and the Jacobian is 1. The joint density of V and W2 is

f(u, w2) = exp{ —e~W —v —2w2}I(v > 0).

Thus, ¥V and W2 are independent, and V is <*(1,1), whereas
-log(w2) is ~(2,1).

From Theorem 14, we have

yfn(6i - 0) 0.]).

From Example 2, we have

n02-0) * 7,

where Z has the double exponential distribution with density f(z) =
exp{—2\zl). When n = 100, the standard deviation of 6Xis about "

and

P0x-e < If) = 0.95,

so the 95% confidence interval for 6 is (0, - 0.1, 6X4 0.1). To find ¢
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such that P(1Z! < c¢) = 0.95, we solve

095 = f e~2lzldz=1-e~2

J-C

for ¢ and find that ¢ = | log(20) = 1.50 = . So
095 = p(i00]62- e < 1.50) =p(le2-el <o.1s5),

and the 95% confidence interval is (02 —0.015, 02+ 0.015), a big
improvement. In fact, the median converges to 0 at rate 1/ \fn, and the
midrange converges to 0 at rate 1/n.

4. From Theorem 15,

n{l - 4>{Zin),\ - <S>{Z2n)) {Sy,52).

But from the definition of ar and the lemma of Section 14, n(1 —

<{Zin)) = (1 - <t>(z,.,,)/(1 - <&<*)) ~ (aw'Zin) exp{(fl2 - Z2)/2}.
Let Win = an(Zin - an). Then from Exercise 6 of Section 6,

cxp{-Wu -Uw"™/al)),
4 + (Wina,)

expl-"2,- "(UF2B,/«2)j) - (S, S 2).
an+ (W2n/an)

L P .
This implies that Wiw/'an —>0, because otherwise there would be a
subsequence rij such that Win -> on a set of positive probability,
and any limit of this sequence would have a positive mass at zero or o.
Thus,

<«
and, consequently (Win, W2n) —¥ —og S§, —log S2| as was to be
shown. We may conclude that

Un= exp/W2n - WIn} 3 Sx¥S2e¢ *(0,1),

and that Un and W2n are asymptotically independent, since Sx/S 2 and
S§2 are independent.
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SOLUTIONS TO THE EXERCISES OF SECTION 17

1. There are five conditions to be checked.

(1) © is bounded and closed, hence compact.

(2) For fixed x < 1, f(x\0) = 1/0, continuous. For 1 <x <2,
f(x10) = 0 for 0 <x, and = 1/0 for 0 > x, upper semicontinous.
For x > 2, f(x10) = 0, continuous.

(3) Let 00e 0. Then K(x) = max6Ge[f(x\0)/f(x\00)] = 00ii x < 1,
= 00jc if 1 <Jt< 0Q and = * if jc> 0Q The expectation of
K(X), when 00Ois the true value, is clearly finite.

4) If ep(x, 0, X) = supl’-e\<pf(x\0’), then

<p(x) O)P) :1/(6'17)) forx<0-p
= I/x, for lx —6\ < p
=0, forx > 0+ p,

clearly measurable.
(5) 0G 0 is clearly identifiable; for example, different 0 have different
supports.
2. (a) For * ° < X(k+{), the likelihood function is

Since (d/30)log L(0) = -(k/6) + ((« - k)/(1- 0)), L(0) is de-
creasing if 0 < k/n and increasing if 0 > k/n.

(b) Since L(0) is continuous and cannot have maxima between the
X (k), the maximum-likelihood estimate must be equal to one of the
X(k). Moreover, if (k —X)/n < X(k) < k/n, then L has a local
maximum at *<¥)e

3. The likelihood function is

1 2
L(/Al"..’ ﬁn’ &) ’IZ“I j];{ y£7Tcr exp 2(]2( /X)

The maximum-likelihood estimates of this are found by setting the
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derivatives of this with respect to the parameters equal to zero and

solving:
d 1 L
J-logf£ =— L (X,j- H)=0=F£«=%, fori=1,...,n
a j=i
d nd 1 JL * . . 2
- = - — 4 . - =
40 ¢elL LUK (L=1y£]-( W H*L) 0
1 « & > 1"
*y o = .
=1, Oy - A = R

where sf = 0/d)L "xXXg - *,)2
(b) The s? and iid with mean Esf = ((d —1)/d)a 2. Hence, from the

law of large numbers &2 -> ((d —1)/d)cr2 almost surely, so that
<t2 is not consistent.

(c) Here the number of parameters grows to infinity as n -> o0, so the
structure of the problem differs from that of Theorem 17.

SOLUTIONS TO THE EXERCISES OF SECTION 18
L. (a) The log-likelihood function is Im(0) = log L(6) = nlog 0 + (0 —

DElog Xj. The likelihood equation is in(6) = n/6 4 Elog Xj = 0,
which gives as the MLE,

=[(!1/")E log(I/Xs)y

i’Z(X, 0) = 1/0 + 1logCX), and ij/(X, 0) = -1/0 2, so that $(0) =
1/ 0 2 This gives

yfn(@, - 0) ->S(0, 02).
(b) /,,(0) = nlog(l - 0) + 1log(0)E A}, so
/,(0) = -n/(1- 0)+ (1/0)EXj =0
is the likelihood equation; its unique root is

oh=Xn(Xn+1).
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(X 0) = —1/(1 —0) + X/0, so that EX = 0/(1 —O0) (because
Ef*p(X, 0)} = 0), </(X,0)= -1/(1 - 0)2- X/02 so that

3(0) =1/(1 - 0)2+ 1/0(1 - 0) = 1/0(1 - 0)2.
This gives
Jn(d, - 0) 0,0(1 - 0)2.
2. Let D, = d/da and D 2= d/dfi. The log-likelihood function is
tf/(a, fi) = -n log T(a) - na logfi - (1/fi)Y,Xj+ (« ~ 1) E logXj

The likelihood equations are

DXxn(a, fi) -n-F(a) - nlog fi+ £ log Xj = 0,

D2In(a,fi) -na/fi+ (1//32) E*; = 0.

Z)?log/ = -=F(a), D,D2log/= -1//3, and #£2log/ = a//32-
2X/fi3 whose expectation is a//32—2afi/fi3 = —a/fi2. Hence,

A C IR VY
» () , i/P «/y32y
-i 1 / a —fi

= <rtf(a) - 1(-fi fi2$(a)}"
The asymptotic distribution of the MLEs is
.'fn(a» = a)ﬁn' fi) 0’0)53(a5fi)'1)'

3. /,,(0,, 02) = - 02 Ecosh(Xj - 0,) - n<f>02). The likelihood equations
are

X)sinh(Ay- 0,) = 0,

£ cosh(A,. - 0t) -ncp'(02).
Let Df= <)<Nj and D2= d/S02. From E(DXlog/) = E(D2log/)
=0, it follows that E sinh(A’—0,) = 0 and E cosh(X —0,) =
-(p'(02). Hence, since Z)2log/ = - 02cosMA'- 02), D,D2log/ =
sinh(Ar- 0,), and D\ log/ = —(p"(d2) = -var(cosh(A' —0,)), we find
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Fisher information to be

! —02<p'(02) 0
p<emme.>-( 0

The distributions in all of these exercises are exponential families.

4. Let f(x\6) and g(y\0) be the densities of X and Y given 0, respec-
tively. Then since X and Y are independent, the joint density is
/(x10)g(y|0) and

*1>((x,),0) = f(x\6)g(y10)

d d
Mog/(-*:10) + ~logg(y\0) = *I>(x,0) + I>(y,0).

Hence,
Von(0)=vars(*((jr,F),0))
= varO(ip (X, 0)) + varO(tff(Y, 0)) = Sx(0) + Sy(0).
5. (a) The likelihood equation is

"X -0
) =28 45520

For 0 > X*n"9each term is negative, so /w0) ~ 0. At 0 —X"n" 1,

we have
/”(*(”, - 1) = 1 - 2 £ —A
(n) ! A 1+~ -1 -A ()2
> 2n, then - *co > 2« for all i < n, and
(2n - 1)
(X - 1)=1-2£ — eeeee
"V (n) ! 1+ (2n - 1)2

1+ Qn- 1)2 m2-2n + |

2(n —1)(2n - 1) - 2n2 —3n + 1> o

so there is a root of the likelihood equation in (X*n_1} —1, A(W).
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(b) Suppose without loss of generality that 0 = 0. Then from Example
3 of Section 15,

X{n-) X{m\ " 1 M
n ’ n ) \AT+ VIXJ”’

where X and Y are independent exponential random variables.
Hence,

P(Xin)>X(n-\1)+2n)

-Pi — >72.- +2)—»p(\-> .1 w21 > 0.
n n } X X+Y

6. (a) The log-likelihood function is
log L = —2A —2A2+ x log( A + A2)
+y, log( A, +y2log(A2) - log(x!ly, ly2!).

Setting the partial derivatives to zero gives the equations

Y{( X | 21 X
A== ———- hl and A= — - h i,
o2 ly,+y2 2 21y +y2 1
(b) Let g(x,yuy2) = (y¥2)((x/(yx+y2) + 1)- Then

/ v ( 1( «x
’ = . —_—— +
gixyuy2) =\, iy b laie Tl
yi X yi X
2 (yi ty2)2° 2 (j'1+yif
and we find

I % A AN
g(ALALA2) - | — 1 - 2A»- 2A

The covariance matrix of X,Y,, ¥2 is diagonal with A A, A2 along
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the diagonal, so the asymptotic variance of A is

X 0 0~
g(AANR) 0 A 0 gAA Dr=A— [
0 0 A

7. (a) This is a two-parameter exponential family with

A 1
E(E€xed)=n/W0.>02) = ,a ., wexpl-~/fl! - SY02.
( i-1 ) (’613+62) P }

(b) Setting the partial derivatives to zero gives the equations

52

T3 =0 and -
01+02 " 0,+02" W

and solving for 0, and 02 gives

89-_/\(1/ST +VST) and 92 - _/\(V/\I. +A7).

It should be checked that this holds if 5, = 0 or $2= 0. They
cannot both be zero.

(c) Taking n = 1 and writing log f(x10,, 02) = -log(0, + 02) —S,/0,
- $20 2, we find

D,log/= -1/(0, + 02) + $,/0,2
and

D2log/= -1/(0i + 02) + S70 2.
This implies ES} = 0f/(0{ 4 02\
-ED2log/ = -1/(0, + 02)2+ 2E5./0? = (0, + 202)/[0,(0, + 02)2]
and -Z>Z)2log/ = -1/(0, + 02)2 Thus,

| (0, + 202)/0,
OO0 v 0 (20, + 02)/021

From this, i/n (0, - 0) S»(0,3(0,, 02) *), where

1 (01 + 02) 0102 (20, + 02)/02 1
o 4+ 20, + 2021 1 (0, +20270) I'
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. Since
los(fat(x)/fu(x)) = (#o - ")T(x) ~ (c(00) - ¢(0)),

we have

*(/V [*) = (00- 0)EHT(X) - (c(60) - ¢(0)).
Using

0 = £,(<2<*?) log/,,(*) =Ee[T(X) -c'(fl)],

we find EeT(X) = ¢'(0), so

K(fe0Jo) = (»0 - »W(00) - (c(?0) —c(f1)).
Fisher Information can be found as

3(0) = -Ee(d2d02)logfe(X) =c"(0).

The expansion of ¢(0) to two terms in a Taylor series is ¢(0) = ¢(60)
+ (0 - 00)c'(00) + (0 - 00)%"(00)/2 + 0¢(0 - 003.From this we may
conclude

K(fel0Je)

-(0~00)2¢"(00)/2 -0 (0-00)3

l

-(0 -00)2c"(00) /2

(0- 00)2Z(00)/2.

SOLUTIONS TO THE EXERCISES OF SECTION 19

1. (a) Let = —og(X;). From Exercise 1(a) oflJJection 18, the MLE of 0

is 0n = \/Yn Hence the MLE of 1/0 is ¥n. Because” ¢ (0, 1),
we have ¥ e ~(1,1/0), so that = 1/0 and var(1*) = 1/(n02).
From Exercise 1(a) of Section 18, 3(0) = 1/02. The information
inequality with g(0) = 1/0 [and g'(0) = —1/02] and sample size
n then gives g'(0)2(n%(0)) = 1/n 02 as the lower bound, attained
by the MLE. o

(b) Since™ Xj e~ (0,1), we have EXn= 0/(0+ 1) (unbiased) and
var(A") = 0/n(0 + 1)2(0 + 2). The information inequality with
g(0) = 0/(0 4 I)[and g'(0) = 1/(0 + I)2]and 3(0) = 1/0 2 gives

g(0)2(nS(0)) = 0Zn(0 + 1)4.

So Xn does not achieve the lower bound. In fact, we can do better
asymptotically using the MLE, 0w/(0,, + 1).
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2. Selected components of the 5 x 5 matrix, (1 —

(1 - p2)<a,, = - ilof;

(1 - P2)<P2= P/o\°i\

(1- p2)AB= - 2(X - Mi)lo"i3~ P(Y~ P-2)/°i02,
the expectation of which is 0;

(1 -pr2)¥B=(1 - P2)y/(TI - 3(X ~ fI])2/(T?

- 2p(X - fr)(Y- Li2)/ (T
the expectation of which is -(2 —p2)/a 2;
(1 - p244 =p(X - fi,)(Y- n2)/(rfri,

the expectation of which is p2 ax(@2|
(1 - P2*35 = 2P(X - Mi)2o-i3

“A+P2(x - h)(Y- pANTIR\/(\ - p2),

the expectation of which is p/cr,.
3. (a) If E0 = - p2=g(0\ then g(0) = (1,-1,0,0,0) and

var(0 ) >g(0) % {0yX(0)/n = (a-2+ < - 2p<r{92)/n.

(b) If E0 = =g(0\ then g(0) = (1/er*0O, -p”~/a-,2,0,0) and
var(0) > (1 + p\/2(T2)/n.

(c) If EO = p(Iq2 =g(0\ then g(0) = (0,0, pcrl?po”, 0',a2) and
var(0) > <&f2(1 + p2)/n.

4. We think of the X in (1) as a vector of observations, X = (Xv ..., Xnl
and find the Fisher Information for 0 based on X. Since the Xt are
independent, the Fisher Information based on X is the sum of the
individual informations. The information in Xt is

var(-"log/(*;0)) = var(-z, exp{0z,} + ztX,)

—zf var( Xt) = z2exp{0z,}.

Hence, the Fisher Information in the whole sample is 3(0) =
E" z2exp{0zi}. When dealing with unbiased estimates, we have g'{0) =
1in (1), so we have as a lower bound to the variance of an unbiased
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estimate, 0(X),

varfl0 (X) > ——————=1—— ———

£"=1zf exp{ 0z)
5. (a) The density of X is f(x\0) = (1/6)I(0e)(x) and its derivative is
(d/dO) f(x\d) = —(\1/0 29I e)(x). If the derivative with respect to
0 may be passed under the integral sign in 1= ff(x\6)dx, we
would have 0 = f(d/d0) f(x\d) dx = —ffj(1/d2)dx = —1/0. Thus
one of the regularity conditions of the information inequality is not

satisfied.

(b) We have (<?/<?0)log/(jt|0) = -1/0 for 0 <x < 0. This gives
var((<?/<?0)log/(jt|0» = 0 for all 0> 0. So the information in-
equality would give infinity as a lower bound to a variance.

(¢) We have EO(2X) = 0 and var0(2X) = 023. Thus, the information
inequality is not valid here.

SOLUTIONS TO THE EXERCISES OF SECTION 20
1. (a) We have
logf(X\0) = -(X -e) —2log(l + e"<*-®>),
tt(X,0) = d\ogf(X10)/d0 = 1 - 2e~(X~e)/(I +e-(X~9),
and
dtf/(X,e)/dd= -2[e (r"#)/(1 + e-{X-0)f)\.

To find 3(0) = -E edi/j(X, 0)/dd, make the change of variable
t/=1+e~iX-eHdU= -e " x~0)dX) and find

3(0) = 2Zs[e~(*“0)/(1 +e (7'0)2] = 2J [(u —\)/u2\/u2du

2*f1 {w-3 - w~4} dw = 2{" - =].

(b) We have

10g/(X|0) = -log(TT) - log(l + (X - Of),

iffix, e) = 2(x —e)/(i + (x- 0)2),
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and

ty(X,$8)/d0 = -2(1 - (X- 0)2/(1 +(X- 0)2f.
We change variables, ¥ = (X —0) (dY = dX) to find

3(0) = 2E(1 - Y2)/(1+722=(2/t7)/“ (1 - 2)/(1 +1'2)3tfy

= (2/tt) 2f.00(t+y2) dy -A_Q)("+y2Y2)dy

To find /“00Q + y2)'" 1dy, we integrate by parts:

{_w(l +y2 mdy =y(1 +y2 nr,, +mI_my(\ +y2)~im+i)2ydy
=0+ Zm}%(l +y2) mdy

—2m f>° (1 + 32) (m+° dy,
—o
giving the recursion for m > 1,
+ +orfy = - 2
./I—Q)(l y2) (m+°rfy = [(2m 1)/2m]f4)(1 +y2) m<w
Now using the fact that (1/7r)/",,(1 + y2)-1dy =1, we find

/“Ml +y2)~2dy = 7r/2, and /", (1 +y2)-3 dy = 31/8. Hence,
3(0) = (2/71)[6"Tt/8 —T7t/2] =

2. Since log L(6) = —nlogt - E" log(l + (Xj —0)2), the likelihood
equations are

alogL(0)/d0 =2t(Xj - 0)/(\ + (Xj- 0)2 = 0.

(There may be many roots.) Since 3(0) = |, the scores are

3(0) 1< log L (0)/d0)/n = (4/m)Z(Xj - 0)/(\ + (Xj - 0)2.

From Example 2 of Section 10 the asymptotic distribution of the
median mn is given by }fn(mn- 0) ->«/KO0, ¥2/4). This may be im-
proved by adding the scores

K=mn+ (4/n) Y,(Xj - mn)/(\ + (Xj - mnf)

to obtain an asymptotically efficient estimate: }fn(m* —0) ->"£(0,2).
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3. Since EXj = (1 —0) + 20=1 + 0, the method of moments equates
Xn and 1+ 0 to give the estimate 0* = Xn —1. This estimate cannot
be admissible, since it may estimate 0 to be negative or to be greater
than one. Since EX2= 2(1 ~ 0) + 60 = 2 + 40, we have that

var(AE) = (2 + 40) - (1 + 0)2= 1+ 20 - 02.

Therefore by the Central Limit Theorem, ifn(0* —O0) 0,1 +20
— 02). The asymptotically efficient estimate given by one iteration of
Newton’s method is

i + -9/ (“FV(xt- 0)
" g%, - DV e(x, - D)2

4. (a) The mean and variance of this exponential distribution are 1/0 and
1/02. The method-of-moments estimator of 0 is On = 1/AT,,. Its
asymptotic distribution is yfin(6n- 0) ~JiO, 02). Fisher informa-
tion is JKO) = 1/02, so the estimator On is fully efficient.

(b) In the information inequality, let @(X) = X. Then g(0) = 1/0,
and the information inequality becomes var0O(A") >
(—1/02)23(0). Using vare(X) = 1/02, this inequality becomes
3(0) > 1/02. This lower bound to Fisher information is achieved
by the given exponential distribution.

SOLUTIONS TO THE EXERCISES OF SECTION 21

1. Fisher Information for the Poisson distribution is 3(0) = 1/0, and the
maximum-likelihood estimate of 0 is Xan The posterior density is
approximately the normal density centered at Xn with variance equal
to 0q, where 0Ois the true value of 0. Since 00is unknown, it may be
useful to approximate this density by the normal density with mean Xn
and variance Xn Mathematically, we may say that if 00 is the true
value, the posterior density }/n (0 —Xn) converges to the density of

00 in Lj almost surely.

2. Let gn(0) (resp. hn(£)) represent the conditional density of 0
(resp. I) given Xx...,Xn We are to show that for all f, hAn(£) -»
(1/0 o)exp{ —£/00}/(£ > 0) almost surely as n -» co. We have

gmo)=g(o)o-m(Mn<o)/cn,
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where Cn is the normalizing constant,

c,, =§I€h(o)e-ndd.

Changing variables to £ = n(6 - Mn) with dO = d£/n, wc have

h,U) —g(Mn+ £/n)(1+ C/(nMn) YnI(0 < C)/Dn,

where
Dn = {;g (M n+ C/n){1 + C/{nMn))~nd¢t.
o

Since Mn converges to 60 almost surely, the numerator of hn(£)
converges to g(0o)exp {-£/00}/(O < £) almost surely. To complete the
proof, we must show that Dn converges to g(00)00 almost surely. Using
the assumption that g(6) is bounded, and using the fact that the
convergence of (1 + £/(nM))~n to exp{-£/M}, for fixed positive £
and M, is monotone decreasing in n, we can bound the integrand in Dn
above by a function of the form const, times (1 + £/M")"2, which is

integrable. Then the Lebesgue Bounded Convergence Theorem gives
the result.

SOLUTIONS TO THE EXERCISES OF SECTION 22
L

L(0) = CTFx@y nexp{-[Y,(Xj - *OV°i2+ £(>} - fiy)2trf]/2}.

The general MLEs are jox=X, (iy= Y, & = (1/ n) T.(Xj —X) 2, and
fiy = (\/n)T,(Yj - Y)2 Under HO, the Xj and ¥ together form a
sample of size 2n from a single normal distribution, so the MLEs are

RE= = (*+72)/2,
=< 2= [L(Xj - i4)2+ E(>5- )2/2rt.
From this, we find
L(0*) = (27rcr*2)  exp{—«}, L9 ) = 2ir& &y exp{—+ri).
There are two restrictions under H0, so that

—2log A= n[2loga*2- log &2 - log &2] -» xl-
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2. L(0, 7a) = OV" exp{—6 ¥ Xj - (jIY. }j). The general MLEs are 0=
\/X and pu= \/Y. Under HO, the likelihood function is L) =
2md2n exp{- O(L Xj + 2LYj)}, whichJeads to the MLEs 0* = 2/(X +
2Y), fi* = 20* Hence, L(0, £) = X"nY~nexp{-2«} and L(0* n*)
= 2"(0%)2"exp{ -2n). Since there is a single restriction under H0, we
have

—2log A= 2n[2\og((X+ 2Y)/2) - logX - log2f] -+X?
3. As is well known, the MLEs for the 0’s are 0(= Xt If all the 0’s are

the same, then the Xjf form a sample of size nk from the Poisson, so
that the MLE is 0* = X,. Since the log likelihood is

£

£ [-0,+XjlogQ - logxul],
i J

log L( 0)

=-nf G+nt£ , log 0t- £ £ logXu!

L

and since there are kK — 1 restrictions under HO,

—21log A= 2[log L(0 ) —log L(0%*)]
=24[£ X, log Xj - kXJog X.] -* XF 1.

4. Find an orthogonal matrix Q such that QPQr = ~ call it D. Let

W = QZ. Then W (=JiQ8,1*) and ZTPZ = WrQPQTW = WrDW =

E-=I Wj2. This has a noncentral x 2 distribution with r degrees of

freedom and noncentrality parameter pequal to the sum of the squares

of the first r coordinates of Q8, namely, the square of the length of the
vector DQS. Thus, Z7PZ e x?(<p| where = 8rQrDDQ8 = 8rP8.

5. (a) The distribution of —2log Xn is approximately noncentral chi-

square, X\(<p| where the noncentrality parameter ¢ has the form,

9= 82(G] —G1/G 3 since all of these matrices reduce to scalars.

Using 5, = «0(0.1) and
3( cr) =

we find that ¢= 10/0q2.
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(b) Again the asymptotic distribution is noncentral chi-square, x HvX
with the same formula for ¢ and the same value of 8X but this time

3( <) =

so that (p= 10ff (1) - 1) independent of /3. Replacing P (1) by its
value, 7126, we find that = 6.449.
6. From Eq. (4), -2 log \n~ n(QOn - 00)"(00X0,i “ ®oX where Ot is the
unrestricted maximume-likelihood estimate, which from Theorem 16 has
an asymptotic normal distribution,

V~(e,, -¢e 0)

Therefore, the asymptotic problems may be reduced to the following
fixed sample problems for the normal distribution.

Suppose X e~ O, 2), where 2 =cX00) I is known. Find the distri-
bution of —2log A where A is the likelihood ratio test statistic for
testing //0: 0, = 0, 02 ~ O against (a) Hx 0, > 0, 02 unrestricted, or
(b) //T 6Xx> 0, 02> 0, 0 =£0. We reformulate this problem by trans-
forming to independent normal variables. Let ¥x= X x'<rx and

n =((X2a2 - p(X¥Xax)/yll -p 2.

Then Y < I), where ijix —0xo0o-x and /x2 = ((0%cr2) -

p(/xl/crl))/ - p2.The hypotheses have become HO: /xx= 0, x2= 0

against (a) Hx > 0 fi2 unrestricted, or (b) Hx /* > 0, pfxx

+ \/1 —p2/x2> 0, ju =£0.

(a) The unrestricted MLE of jmis Y. The MLE under HOU is
(Yx,Y2). On the half plane ¥x> 0, —2log A is the squared dis-
tance of Y to 0. This occurs with probability | under //0, which
gives x/ with probability =~ On the half plane ¥x< 0, Y is pro-
jected onto the line ¥x= 0; thus, - 2log Ais the squared distance
of ¥Yxto zero which gives a with probability

(b) Now the MLE under //nu Hx is the projection of Y onto the cone
Yx> 0, pYx+ yj1l —p2Y¥2> 0. Thus there are four regions. On the
cone itself, Y is unchanged, giving a x/ distribution with the
probability of the cone. On ¥x< 0, ¥2> 0, Y is projected onto the
line y, = 0, giving a Xi distribution with probability  Similarly,
on the set p¥x+ y/\ - P 2Y2< 0, those Y whose perpendicular

projection onto the line p ¥x+ - p2Y2= 0ends up with ¥x> 0
are so projected. This occurs also with probability | and gives a X|
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distribution. All remaining points are projected into the origin
giving a 80 = lo distribution with the remaining probability. The
probability of the cone under HO is the angle ft of the cone divided

by 2¢¢. ft is the angle between the line p¥x4 ]/1 - p2¥2= 0 with
Yx>0 and the line ¥x= 0 with ¥2> 0. This is easily found to be
ft = TI—arccos p.

SOLUTIONS TO THE EXERCISES OF SECTION 23

1. The minimum x 2 estimate is the value of 0 that minimizes Q,,(7¢(0)).
Its asymptotic variance is

v=(A(ey E(«(0))-'"(e))1

where E (tt) denotes (d/dit)£(tt). Because A(0) = <p(tt(0)), we have
/4(0) = E(n(0))Tr(0) and V= (tt(0)' E(Tt(0))Tr(0))_'. For the expo-
nential family,

log/(jr[0) = it(0)'T(x) - <p(it(0)),
and Fisher Information is
3(0) -var9{*(0)'T(JO -*(w(0))*(0)} =*(©)'var,{T(A)}tt(0)
= "r(0) E(0)tt(0) = V~".

Thus the MLE and the minimum x 2 estimates have the same asymp-
totic variance.

2. (a)
4 25 9
X = i—+ 44— + — —100
i ~e 1- 0 20
So solving
4 25 9

(d/d0)x = T '™ :  ttt =0

gives 0= 0.1471.
(b)
*20d = 20(2/3 - 50)2+ 50(] - 20)2+ 30(1 - 200/3)2,
-200(1 - 50) - 200(1 - 20) - 400(1 - 200/3)
=0
gives 6 = 0.1475.

{d/d0)Xmod
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(c) The log likelihood is proportional to 2010g(1/3 —0) + 5010g(2/3
—0) + 30log(20). The likelihood equation is thus -20/(j - 0)
- 50/(] - 0)+30/0 =0. The MLE is 0 = 0.1472.
3. (a) Let probit(p) = 4~'(/>). The transformed x 2 becomes

2 —

y, (probit(w;/w) - (a + f3Xj)f (p((a + pXj))2
4>(a + Wjey) (1 ~ 3>(a + Pxj))
using d$>~x(p)/dp = 1

*
N

Applying modification:

probi, x ‘- n £ (PrOb“(/,) ~ 4V
Jj Jj)
(b) Let cogit(p) = tan(7rp ~ 7t/2). The transformed modified x 2 iS

(cogit(fj) - (a + px )f cosd(tt/j - tt/2)
coe,t*

4. The minimum x 2 equation of Example 4 is

0.4 —e~9/2)/2
20 (

(0.8-¢'9/4)/4
l-e~9 1- e-92

1- e~94

We may simplify by replacing the denominators by their estimates

(0.4 - e~e/2)/2 (0.8 —e~9/4)/4
oo — gy — <O

This reduces to

e-0/2 e~9/4 4
12 0.8 3
Solution by numerical methods gives 6* = 1.7407 ese.
5. nx= 30, «2= 20, ni = 50, z{—log(0.3), z2= log(0.2), z3 = log(0.3),

x| =0,x2= 1, and x3= —1 The linearized constraint E njaJ = E rijZ
gives 00= 0.30( + c, where

¢=0.310g0.3 + 0.210og0.2 + 0.510g0.5 = -1.0297.
(d/d6i)Q,, = 0 leads to the equation

0, = (910g0.3 + 26l0g0.2 - 3510g0.5)/(2.7 + 33.8 + 24.5) = -0.4659,
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from which we find 00= -1.1694. This results in p{= exp{0o} =
0.3105, p2= exp{0o+ 0j} = 0.1949, and p3 = exp{0o—0j} = 0.4948.
Because the sum is 1.0002, slightly too large, we modify 00 by subtract-
ing log(1.0002) = 0.0002, to make 00= - 1.1692.
6. (a) We make the transformation g(jt) = arcsin(jt), g'(x) = (1 - x2)1/2,
on each coordinate to arrive at the transformed | 2

¥ ="E(Z.- - Xi- e2?>
where Z, = arcsinOp for i = 1,..., d. This is now a simple least-
squares problem so that
A 5 A — A
0, = —J]J and 02=Z7Z —0xx.

sXx

(b) In the transformed *2, A(0) = 0,x + 021, so that A(0) isthe d x 2
matrix (x1). We have

vA(6,, —©) 2),  where 2 = (A'MA)

For the transformed | 2, M is the unit matrix, so

' E*12 LXj
X=@n = .

(c¢) To minimize var(0j), we maximize s2; that is, we put d/2 observa-
tions at 0 and d/2 at 1. The same is true if we try to minimize the
determinant. To minimize the asymptotic variance of 02, we obvi-
ously put all the observations at 0, but this gives us no information
about 0j. In general, we should put m observations at 0 and d —m
at 1, where m > d/2. A reasonable compromise might be m —
2d/3.

SOLUTIONS TO THE EXERCISES OF SECTION 24

1. (a) Under //0, all expected cell frequencies are equal to 20. So,
2 (10 - 20)2 (24 - 20)2 (16 —20)2
*Me 20 + 20 + 4+ 20 ~91!

This is close to the 10% cutoff point, *2(0.90) = 9.24, so we accept
at the 5% level.
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(b) If /7, and p6 are known to be equal, then they are estimated as
(n{+ n6)/(2n), et cetera. The expected cell frequencies become
13, 24, 23, 23, 24, and 13, respectively. We find

(10 - 13)
Xir x 3 + 2.167.
Since this x 2 distribution has 3 degrees of freedom, we obviously
accept H{.

(c) For testing HOagainst H{,we use X0 ~Xn, = 9.2 —2.167 = 7.133.
Since this is beyond *[(0.95) = 5.99 we would reject HO if it were
known that H{ were true.

(d) The noncentrality parameters may be computed in the same way as
the * 2,5 above, but pretending that the observations were 15, 15,
15, 15, 30, and 30, respectively. We find <Hy= (15 - 20)2/20 + e
= 15. At 5 degrees of freedom at the 5% level, we find the power
from the Fix tables (Table 3) to be about fi = 0.86. Similarly, under
Hy we estimate px=p6= (15 + 30)/240 et cetera and compute
En 1= (15 —22.5)2/22.5 + e = 10. At 3 degrees of freedom, we
find the power to be fi = 0.86 again. The noncentrality parameter
for the test of HO against //, is the difference, (&= ¢#b —H = 5.
At 2 degrees of freedom, this gives a power of fi = 0.50.

2. (a) Estimate pn by nu/n, pl2=p2 by (nX+ n2l)/(2n), et cetera,
and evaluate the x 2 as

(6 -85  (10- 165) (20 - 17.5)2
= 7.306.
8.5 16.5 17.5

The x 2 has 3 degrees of freedom, and since A:X0.95) = 7.81, we
are close to rejecting at the 5% level.
(b) Under hypothesis H0, the likelihood is proportional to

L~pr-(pip2y (PiPs) 3p2n*(p2p3)
= p 1 +" ip»*+tHip *y+n-h
We find the maximum-likelihood estimates of /?,, p 2, and p 3 to be

Pl ~ («i-+ n.j)/(2n) = (31 + 49)/400 = 0.20, p2= 0.18, and p3
= 0.62 from which we may compute the table of expected values,

8 7.2 24.8
7.2 6.48 2232
248 2232 76.88
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from which the x2 maY be computed as Xrng= (15 —8)2/8 +
e = 2409. Nine cells and two parameters estimated leaves 6
degrees of freedom. Since *&(0.95) = 12.59, we reject H0 strongly,
(¢) Our x2 Is now Xn ~Xh = 16.78, again highly significant when
compared to *|(0.95) = 7.81.
3. We find the maximum-likelihood estimates of the p# under the two
hypotheses. The likelihood function, L(p) is proportional to

Ly 1 fipis

(a) Under //, we seek to maximize L(p) under the constraints Ey”"j
py = 1//. This occurs at p/; = n~/Un” for all i and j, where
nh= Ey=] rijj. The x 2 statistic is

= £ £ (nfj- Np,)2 £ (n,-(N/I))2
/=1 =1 Npn N/

For each i, 7 —1 parameters were estimated so the x 2 has
(IJ —1) —I(J - 1)=/ —1degrees of freedom.

(b) Under HO, we seek to maximize L when p# is replaced by pj and
we have the constraint Ey=¢{ P = |//. The maximum-likelihood
estimates are pf = n.-/(IN\| and the chi-square is

"' (*m- Npf)2

1 h h "pl ’

It has (// —1) —U - 1) = IJ - J degrees of freedom.

(¢) To test HO against H - HO, we use xI ~ xI- It has (IJ - J) -
(/- D)=IJ—/ —J+ 1= (/- 1X7 - 1) degrees of freedom.
Under HO, xI ~ xI is asymptotically equivalent to the x2 °f
Example 1 for testing the homogeneity of a contingency table.

4. All tests are of the form: Reject HO if

E A
u.k Npoik

(a) L a Ylijk(Pigjirk)t,k = (rip?'Xrip/'Xn/>£%), so p, = n,../N,
Pi = n.j/N, and pk = n.k/'N.

df. = (IJK- 1) - (/- 1) - (J- 1) - (K- 1)
=IJK-T1-J-K-+2.
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(b) L a n,7*(A<2¥™ = <npt' XUqfk%), so pt = nl/N, qjk = n.jk/N.
df=@IK- 1)- - 1)- (JK- 1)=(I- IXJK - 1.

(¢) L a n ijk(ifigik)nit = (n <')(n"*X SO gjk = nji/'N. d.f.= (IJK
- 1)- (JK- 1)=1IJK - JK

(d) L a n,jk(p,lkq]lkrkr » = (Up"~"Cnq”~"XUr”"), so pnk =

qnk = n.jk/n.jk, and rk= n.l/N. df. = (IJK- 1)- K(I

- 1)- K(J—1)—(C—1)=UK-IK-JK-K.

(e) L a Uijk(piqirk{ij)n'""= (Up "~ nqJiXUr"fj), so p, = nl/'N, qt
= n.j./N, and rkflj = niji/ni}, d.f.= (AJK- 1)- (/- 1)- (7 -
D- INK- 1)= (/- IX/- 1.

5. (a) In this problem, there are 10 independent * 2’swith two cells each.
Let ng and X# represent the total number of ticks and the number
of dead ticks, respectively, of species St given treatment 7. Then,
collapsing the two-celled 4 2,s into one-celled, we have a x °f the
form

2= £ (e nliB) +£ (xF- 0317
j-1 nijPi(l ~Pj) j-1 2y«y( - Tp °

with 10 degrees of freedom. If Pj = r¢j, the common value of Pj and
7F is estimated by the total number of deaths divided by the total
number of observations, namely, pf= uj = (X}-+ X2j)/(riy +
n2j). Thus, px= tt, = (30 + 42)/(50 + 77) = 0.567, p2= 0.728,
/73 =0.552, p4= 0.308, p5= 0.400. Replacing the pj and the 7 in
the x 2 by their estimates, we find

1.652 3422  0.082 1.232  0.22
- + + + —— +
12.28 10.5 28.1 13.0 6.72

. 1.652  3.422  0.082 1.232 0.22
] 1 } i i =273 (
18.9 12.08 9.89 9.16 12.48 ¢t w

Since we lost 5 degrees of freedom estimating five parameters, this
X2 has five degrees of freedom, so the null hypothesis is obviously

accepted.
(b) The numerators of the x 2 in (1) depend on the X }j and *2; only
through the differences, (X"/ity) —(X2/n2). In fact,

(x r>2 A IXli Xli\2
(«; +n2)2\ nV  n2jJ’'

The noncentrality parameter at any alternative such that pj - j =
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0.1 may be found by replacing the differences (Xij/n i) —(X2j/n 2j)
by 0.1 in the numerators of the | 2

; 3.032 . 2.842  2.962 . 2522 1.822
v 1228 10.5 28.1 13.0 6.72

3.032  2.842 2962 2.522 1.822
189 + 12.08 + 989 + 9.16 + 1248 = 5'81'

From the Fix Tables at @ = .05 and 5 degrees of freedom, we find
that the power is only about 0.42.
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Le Cam’ Theorem
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Logistic distribution 139, 155, 223
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Maximum-likelihood estimates
asymptotic efficiency 133-9, 223-5
asymptotic normality 119-25,
216-21
Cramer—Rao lower bound 131, 221
general chi-square tests 166, 169-70,
232-3
married couples’ source of news tests
169-70, 232-3
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161, 229-30
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Poisson distribution 120
posterior distributions 140-3
strong consistency 11218, 121-2,
138, 141, 215-16
see also Estimation; Likelihood ratio
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Mean-squared error 129
Mean-Value Theorem 20, 124
Method of moments 137, 139, 225
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exponential family 1534, 165
generalization 153-8
matrix inverse 153, 163-5
maximum-likelihood estimates 154,
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randomization tests 28-30
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Continuity Theorem 13-18, 176-8
convergence 8-12, 173-6
probability theory 8-12, 173-8
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asymptotic distribution 47-9, 5666,
1947
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likelihood ratio test statistic 148-50,
226-9
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multinomial experiments 58
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195-7
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Slutsky’s Theorem 5660, 645,
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Distribution 18, 176-8
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222-3
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227

maximum-ikelihood estimates 120,
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125, 219-20
posterior distributions 143, 225
Posterior distributions, asymptotic
normality 140-3, 225-6
Probability theory 1-35, 172-86
Central Limit Theorem 26-35, 181-6
convergence in law 3-35, 172-86
laws of large numbers 19-25, 178-81
partial converses 812, 173-8

Quantiles, see Sample quantiles

Randomization tests
paired comparison experiments 28-30
rank statistics 767, 84
against trend 77, 85, 202-3
two-sample 76, 84
see also Testing
Random permutations, rank statistics
75-86, 200-7
Random variables
asymptotic efficiency 133-9, 223-5
Cramer—Rao lower Bound 126-32,
221-3
extreme order statistics 94—104,
210-14
m-dependent sequences 69—74,
197-200
order statistics 87-93, 208-9
uniform strong law of large numbers
107-11
Random vectors
Central Limit Theorem 26-35,
181-6
convergence in law 3-35, 172-86
laws of large numbers 19-25,
178-81
minimum chi-square estimates
151-62, 229-31
partial converses 812, 173-8
Slutsky’s Theorem 39-50, 187-92
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201-2
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Regression coefficients
asymptotic distribution 54, 192
consistency 23, 178
least-square estimates 235, 27-8,
178-81
Riemann approximation 86, 205-6
Sample correlation coefficient 51-5,
192-3
robustizing 534, 192-3
Sample quantiles, asymptotic
distribution 87-93, 208-9
Sampling
ASample problem 86, 2068
rank statistics 76, 834, 2002
Scheffe’s Useful Convergence Theorem
89, 12, 175, 176
extrema 102
posterior distributions 141-2
see also Convergence
Schwartz Inequality 175-6
Scoring
asymptotic efficiency 133-9, 223-5
badminton scoring 73, 197
Shannon—Kolmogorov Information
Inequality 113
Signed-rank tests, paired comparison
experiments 30-1
Skewness 32-3, 35, 186
Slutsky’s Theorem 39-43, 187-9
convergence 42
extrema 103, 213
functions of the sample moments
44-50, 189-92
maximumikelihood estimates 122
Pearson’s chi-square statistic 5660,
64-5, 194-5
rank statistics 207

uniform strong law of large numbers
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Stationary m-dependent sequences
69-74, 197-200
autocorrelation 74, 199
autocovariance 73, 197-8
badminton scoring 73, 197
probability of success 734, 197-8
Stirling’s formula 35, 185
Strong convergence, see Convergence,
almost sure
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sequences 734, 197-8
Superefficiency 134

Taylor expansion 4450, 157-8, 177,
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Taylor’s Theorem 20, 26-7
Testing 105-71, 215-35
asymptotic efficiency 133-9, 223-5
asymptotic normality 140-3, 225-6
contingency tables 165-8
Cramer—Rao lower bound 126-39,
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general chi-square tests 163-71,
231-5
human blood groups 168-9
likelihood ratio test statistic 144-50,
226-9
married couples’ source of news tests
169-70, 232-3
maximum-ikelihood estimates
112-25, 21521
minimum chi-square estimates
151-62, 229-31
paired comparison experiments
28-31
Pearson’s chi-square statistic 61-6,
151-71, 195-7,229-35
Poisson dispersion test 50, 191
Poisson distribution 50, 191
posterior distributions 140-3,
225-6
against restricted alternatives 166-9
rank-sum tests 76
signed-rank tests 30-1
uniform strong law of large numbers
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see also Estimation; Randomization
tests
Ticks, insecticide treatment 171, 234-5
Time-series analysis, stationary m—
dependent sequences 69
Agtatistic
asymptotic distribution 41-2, 44-55,
187-93
sample correlation coefficient 51-5,
192-3
Shutsky’s Theorem 39-50, 187-91
Two-sample randomization tests 76,
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Uniform strong law of large numbers see also Covariance
107-11, 123, 138 Vectors, see Random vectors
Variance-stabilising transformations 54,  Weak convergence, see Convergence, in
55, 193 law
Pearson’s chi-square statistic 59, 60, Wilcoxon rank-sum test 76
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